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Abstract. We provide a detailed recursive construction of the Ablowitz- 
Ladik (AL) hierarchy and its zero-curvature formalism. The two-coefficient 
AL hierarchy under investigation can be considered a complexified version 
of the discrete nonlinear Schrodinger equation and its hierarchy of nonlinear 
evolution equations. 

Specifically, we discuss in detail the stationary Ablowitz-Ladik formalism in 
connection with the underlying hyperelliptic curve and the stationary Baker- 
Akhiezer function and separately the corresponding time-dependent Ablowitz- 
Ladik formalism. 



1. Introduction 

The prime example of an integrable nonlinear differential-difference system to 
be discussed in this paper is the Ablowitz-Ladik system, 

-ia t - (1 - a/3)(a~ + a + ) + 2a = 0, 

-i/3 t + {l-af3)(l3- +[3+)- 2/3 = ^ 

with a = a(n,t), (3 — (3(n,t), (n,t) eZxi Here we used the notation / ± (n) — 
f(n ± 1), n € Z, for complex-valued sequences / = {/(n)}„ e z. The system f|l . 1|) 
arose in the mid-seventies when Ablowitz and Ladik, in a series of papers [3]-[S] 
(see also pQ, [U Sect. 3.2.2], [3 Ch. 3], [17]), used inverse scattering methods to 
analyze certain integrable differential-difference systems. In particular, Ablowitz 
and Ladik [4] (see also [jj Ch. 3]) showed that in the focusing case, where j3 = —a, 
and in the defocusing case, where /3 = a, yields the discrete analog of the 

nonlinear Schrodinger equation 

-ia t -{l±\a\ 2 ){a- +a+) + 2a = 0. (1.2) 

We will refer to (jl.ip as the Ablowitz-Ladik system. The principal theme of this 
paper will be to derive a detailed recursive construction of the Ablowitz-Ladik hier- 
archy, a completely integrable sequence of systems of nonlinear evolution equations 
on the lattice Z whose first nonlinear member is the Ablowitz-Ladik system (jl.ip . 
In addition, we discuss the zero-curvature formalism for the Ablowitz-Ladik (AL) 
hierarchy in detail. 
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Since the original discovery of Ablowitz and Ladik in the mid-seventies, there has 
been great interest in the area of integrable differential-difference equations. Two 
principal directions of research are responsible for this development: Originally, 
the development was driven by the theory of completely integrable systems and 
its applications to fields such as nonlinear optics, and more recently, it gained 
additional momentum due to its intimate connections with the theory of orthogonal 
polynomials. In this paper we will not discuss the connection with orthogonal 
polynomials (see, however, the introduction of [21]) and instead refer to the recent 
references [13], [2D], [37], [35], 02], 03], 01, 07J, 0SJ, gS], and the literature cited 
therein. 

The first systematic discussion of the Ablowitz-Ladik (AL) hierarchy appears to 
be due to Schilling [45 (cf. also [51], [55], [58] ); infinitely many conservation laws 
are derived, for instance, by Ding, Sun, and Xu [21] : the bi-Hamiltonian structure 
of the AL hierarchy is considered by Ercolani and Lozano [23j ; connections between 
the AL hierarchy and the motion of a piecewise linear curve have been established 
by Doliwa and Santini [22] ; Backlund and Darboux transformations were studied by 
Geng [26] and Vekslerchik [56]; the Hirota bilinear formalism, AL r-functions, etc., 
were considered by Vekslerchik [55j . The initial value problem for half-infinite AL 
systems was discussed by Common [19] , for an application of the inverse scattering 
method to (|1.2p we refer to Vekslerchik and Konotop [57]- This just scratches the 
surface of these developments and the interested reader will find much more material 
in the references cited in these papers and the ones discussed below. Algebro- 
geometric (and periodic) solutions of the AL system (| 1 . ljl have briefly been studied 
by Ahmad and Chowdhury [SJ, [9], Bogolyubov, Prikarpatskii, and Samoilenko [M] . 
Bogolyubov and Prikarpatskii [T5], Chow, Conte, and Xu [IB], Geng, Dai, and Cao 
[27] . and Vaninsky [53] . 

In an effort to analyze models describing oscillations in nonlinear dispersive 
wave systems, Miller, Ercolani, Krichever, and Levermore 00] (see also [39]) gave a 
detailed analysis of algebro-geometric solutions of the AL system (jl.ip . Introducing 

tti \ ( z a\ , . . fz-1- a/3~ a - a~ z^ 1 \ , , 
U{z)= {pz l)> V ( z ) =t { f3- z -(3 1 + a-p-z-i) (L3) 

with z € C \ {0} a spectral parameter, the authors in 00] relied on the fact that 
the Ablowitz-Ladik system (jl.ip is equivalent to the zero-curvature equations 

U t + UV - V + U = 0. (1.4) 

Miller, Ercolani, Krichever, and Levermore 00] then derived the theta function 
representations of a, (3 satisfying the AL system (jl.ip . Vekslerchik [54] also studied 
finite-genus solutions for the AL hierarchy by establishing connections with Fay's 
identity for theta functions. Recently, a detailed study of algebro-geometric solu- 
tions for the entire AL hierarchy has been provided in [31]. The latter reference 
also contains an extensive discussion of the connection between the Ablowitz-Ladik 
system (jl.ip and orthogonal polynomials on the unit circle. The algebro-geometric 
initial value problem for the Ablowitz-Ladik hierarchy with complex-valued initial 
data, that is, the construction of a and (3 by starting from a set of initial data 
(nonspecial divisors) of full measure, will be presented in 32J. The Hamiltonian 
and Lax formalisms for the AL hierarchy will be revisited in [33] . 
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In addition to these recent developments on the AL system and the AL hierarchy, 
we offer a variety of results in this paper apparently not covered before. These 
include: 

• An effective recursive construction of the AL hierarchy using Laurent polyno- 
mials. 

• The detailed connection between the AL hierarchy and a "complexified" version 
of transfer matrices first introduced by Baxter [11], [12] . 

• A detailed treatment of the stationary and time-dependent Ablowitz-Ladik 
formalism. 

The structure of this paper is as follows: In Section [2] we describe our zero- 
curvature formalism for the Ablowitz-Ladik (AL) hierarchy. Extending a recursive 
polynomial approach discussed in great detail in 29| in the continuous case and 
in [16], [30l Ch. 4], j52[ Chs. 6, 12] in the discrete context to the case of Laurent 
polynomials with respect to the spectral parameter, we derive the AL hierarchy 
of systems of nonlinear evolution equations whose first nonlinear member is the 
Ablowitz-Ladik system (|1.1|) . Section [3] is devoted to a detailed study of the sta- 
tionary AL hierarchy. We employ the recursive Laurent polynomial formalism of 
Section [2] to describe nonnegative divisors of degree p on a hyperelliptic curve /C p 
of genus p associated with the pth system in the stationary AL hierarchy. The cor- 
responding time-dependent results for the AL hierarchy are presented in detail in 
Section [4] Finally, Appendix lAl is of a technical nature and summarizes expansions 
of various key quantities related to the Laurent polynomial recursion formalism as 
the spectral parameter tends to zero or to infinity. 

2. The Ablowitz-Ladik Hierarchy, Recursion Relations, 
Zero- Curvature Pairs, and Hyperelliptic Curves 

In this section we provide the construction of the Ablowitz-Ladik hierarchy em- 
ploying a polynomial recursion formalism and derive the associated sequence of 
Ablowitz-Ladik zero-curvature pairs. Moreover, we discuss the hyperelliptic curve 
underlying the stationary Ablowitz-Ladik hierarchy. 

We denote by C z the set of complex-valued sequences indexed by Z. 

Throughout this section we suppose the following hypothesis. 

Hypothesis 2.1. In the stationary case we assume that a, (3 satisfy 



Actually, up to Remark 12.111 our analysis will be time-independent and hence 
only the lattice variations of a and (3 will matter. 

We denote by S ± the shift operators acting on complex-valued sequences / — 
{/(n)}„ eZ G C z according to 



a,/3eC z , a{n)j3(n) £ {0,1}, n e Z. 
In the time- dependent case we assume that a, [3 satisfy 



(2.1) 



a(-,t),{3(-,t) G C z , t G R, a(n, -),P(n, •) G C^R), n G Z, 
a{n, t)f3(n, t) (f. {0, 1}, {n, t) G Z x R. 



(2.2) 



{S ± f)(n)=f(n±l), nGZ 



(2.3) 




(2.4) 
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To construct the Ablowitz-Ladik hierarchy we will try to generalize (|1.3|) by 
considering the 2x2 matrix 



n:>=(^ a X zeC, (2.5) 



and making the ansatz 



(G7Az) -F-(z)\ 

where G p , K p , F p , and H p are chosen as Laurent polynomial^ (suggested by the 
appearance of z^ 1 in the matrix V in (|1.3[) ) 



t=i e=o 
p- p+ 

f p( z ) ^^2 z ~ e fp--i,-+J2 ze f P +-i,+, 

i=i e=o 
p- p+ 

H pi z ) = z ~ tfl p--i- + ^2 zih P 



(2.7) 



1=1 1=0 

p- p+ 



k p( z ) = ^ z e k P _-e- + ^ z e k p +-e,+- 
1=1 i=o 

Without loss of generality we will only look at the time-independent case and add 
time later on. Then the stationary zero-curvature equation, 

= UV p -V+U, (2.8) 
is equivalent to the following relationships between the Laurent polynomials 

'z(G p - Gp) + zf3Fp + aH E F p - zF R — a(G p + K£) \ 
z[3{G- + K p ) - zH p + H~ -Z/3F- - aH p + Kp - K~ J ' 



UVp-V+U = i 



respectively, to 



(2.9) 

z(G p - G p ) + z/3Fp + off- = 0, (2.10) 
zfiF- + aHp -Kp + K~ = 0, (2.11) 
-Fp + zF- +a{Gp + K-) = 0, (2.12) 
z/3(G R + Kp) - zHp + Hp = 0. (2.13) 

Lemma 2.2. Suppose the Laurent polynomials defined in (|2.7p satisfy the zero- 
curvature equation (|2.8p . then 

,/o,+ = 0, /i ,-=0, 5o,±=.9o^±' k o,± = k^±, (2.14) 

h.± - kj ± = gt t ± - gj ± , I = 0, . . . ,p± - 1, g p+i+ - g~ + + = k p+ . + - k~ +>+ . 

(2.15) 



4n this paper, a sum is interpreted as zero whenever the upper limit in the sum is strictly less 
than its lower limit. 
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Proof. Comparing coefficients at the highest order of z in (12. f f \ and the lowest in 
(|2.f Op immediately yields /o,+ = 0, /lo,- = 0. Then go,+ = % +■< ^o,- = k$_ are 
necessarily lattice constants by (j2~TUl) . |2~TT|) . Since det(U(z)) ^ for z € C \ {0} 
by (H3|), j2H) yields tr(V+) = tv{UVpU- x ) = tr(V p ) and hence 

G p -G p = K P -K p , (2.16) 
implying (|2.15[) . Taking I — in (|2. 15[) then yields go,- = %- and fc ,+ = k^ + . □ 
In particular, this lemma shows that we can choose 

h,±= 9e,±, 0<£<p±-l, fc p+!+ = 3 p+j+ (2.17) 

without loss of generality (since this can always be achieved by adding a Lau- 
rent polynomial times the identity to V p , which does not affect the zero-curvature 
equation). Hence the ansatz (|2.7p can be refined as follows (it is more conve- 
nient in the following to re-label h p+i+ = and & P+ ,+ = 5p_,-, and hence, 
9p-,- — 9p+,+)i 

p- p+-i 
F p (z) = Y, U—t.-Z-' + ]T f P+ -i-i,+z e , (2.18) 
i=\ 1=0 
v- p+ 

Gp{z) ^Y,9p—L-^ e + Y9p + -^+ z ^ ( 2 - 19 ) 

p--i p+ 

h p{z) = Y h p _-i-e-z- £ + Y h P+-z,+ zi > ( 2 - 20 ) 
e=o e=i 

K p (z) = G p (z) since g p _- = g p+ ,+. (2-21) 

In particular, (|2.2ip renders V p in (|2.6p traceless in the stationary context. We 
emphasize, however, that equation (|2.21|) ceases to be valid in the time-dependent 
context: In the latter case (I2.2ip needs to be replaced by 

p- p+ 
K A Z ) = Y 9 P-- e >- z ~* + ^29p+-e,+z £ = Gp(z) + g p _- - g P+ ,+ . (2.22) 
e=o e=i 

Plugging the refined ansatz (I2.18p - (|2.2ip into the zero-curvature equation ([2 
and comparing coefficients then yields the following result. 



Lemma 2.3. Suppose that U and V p satisfy the zero-curvature equation (|2.8p . 
Then the coefficients { /i,±}i =o ,,,,, p± -i, {gi,±}i=o,..., P ±, and {/i.f,±}^=o,..., P± -i of 
F p , G p , H p , and K p in (|2. 18|) — (|2.2ip satisfy the following relations 

.9o,+ = ^c , + , /o,+ = -c 0j+ a + , ho,+ = c 0t+ /3, (2.23) 
g t+lt+ - = ahj + + < i < p+ - 1, (2.24) 

fr +ll+ = ft,+ -a(gt+i,+ + g7 +1 ,+), o<e< P+ -2, (2.25) 

he+i,+ = h- + +l3(g e+h+ +g- +1+ ), < I < p+ - 2, (2.26) 



and 



5o,- = \c 



f _ = c ,_a, /i ,- = -co,-/? + , (2.27) 
^+i--57+i,-=a^,-+/3/^- 1 0<*<p_-l, (2.28) 
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fi+i.- = Si- + a(gt+i,- + 37+1,-), < t < v- - 2, (2.29) 
hj +1 _ = h t ,- - p{gt+i,- + 97+i,-), 0<i<P--2. (2.30) 



Here Cq ± G C are given constants. In addition, (|2.8| rearfs 



= L%-V+t7 
/ 



-"(ff P +,+ + ,-) \ 
+/ P+ -i,+ - fp--i- 







/ 



(2.31) 



Given Lemma T2.31 we now introduce the sequences {/f,±}^eN n , {9i.±}eeN a , and 
{^£,±}£eNo recursively by 



9o, 



1. 



= 5C ,+, / ,+ = -c ,+a + , /i 0) - 
= ahj + + (3f t ,+, leNo, 

= /£.+ - + .g7+i,+), I G N , 

= ^7+ + + 57+1,+)' ^ G N , 



co,+/?, 



(2.32) 
(2.33) 
(2.34) 
(2.35) 



and 



9i+i, 



9o, 
■ 97+i, 
fe+i, 
h7> i 



2 

= ah 



|c ,-, Jo,- = c , -a, /i ,_ = -c ,-/3 + , (2.36) 

h/3/7_, ^ G No, (2.37) 

= + a(g e+1 ,- + 97+i,-), £ G No, (2.38) 

= hi,- - /%£+i,- + .97+1,-)- I G N . (2.39) 



For later use we also introduce 



/- 



i,± 



= h- 



i,± 



= 0. 



(2.40) 



Remark 2.4. The sequences {/(.,+} ieNoi {ge,+}een , an d {^,+}ieN can be com- 
puted recursively as follows: Assume that /7+, ge,+, and hi,+ are known. Equation 
(|2.33p is a first-order difference equation in ge+i,+ that can be solved directly and 
yields a local lattice function that is determined up to a new constant denoted by 
c e+i,+ G C. Relations (|2.34[) and (|2.35[) then determine fi+i,+ and he+\,+, etc. The 
sequences {ft,-}ien , {9£,-}eeN , an d {ht,-}leN are determined similarly. 



Upon setting 



7=1 — a/3, 



(2.41) 
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one explicitly obtains 



fo,+ 


= C , + (-Q! + ), 




fl,+ 


= co,+ ( -7 + a ++ + (a H 


') 2 (3) +ci,+ (-a+), 


9o,+ 


= tt Cn -I- 1 




91,4- 


= c + (— + \c\ + , 




92,+ 


= co+((a + 8) 2 -7+a+ 


f 5 - 7a+/3~) + ci +(-a 


V + 


= co,+/3, 






= co, + (7/T -« + /3 2 ) + 




h- 


= co, -a, 




h,- 


= c ,- (7a - — a 2 /3 + ) + 


ci,_a, 


9o- 


- 2 C ,-) 




9i- 


= c ,-(-a/3 + ) + jci-, 




92- 


= c ,-((a/?+) 2 - 7 + a/3 


f+ - 7 a"/3 + ) +ci_(-a 


ho- 


= c ,-(-/3+), 




hi.- 


= c ,-(-7 + /? ++ + «(/5 + ) 2 ) + Cl ,_(-/3+), etc. 



(2.42) 



Here {q,±}^ 6 n denote summation constants which naturally arise when solving the 
difference equations for g^± in (|2.33[) . (|2.37[) . 

In particular, by (|2.3ip . the stationary zero-curvature relation (|2.8p . = UV P — 
V p + U, is equivalent to 



-"(ffp+,+ + 9 P _,-) + f P +-i,+ - f P --i - = °> 
P(9p+,+ + 9p--) + V+-1.+ ~ 1.- = °- 



(2.43) 
(2.44) 



Thus, varying p± G No, equations ()2.43j) and ()2.44|) give rise to the stationary 
Ablowitz-Ladik (AL) hierarchy which we introduce as follows 



s-AL p (a, (3) 



0. 



f-a(g P+ ,+ + 9 P _-) + f P+ -i,+ - f p _-i ,- X 
V P(9p + ,+ +9 P --) + h p+-h+ ~ V-V 

p= (p_,p+) e Ng. 

Explicitly (recalling 7 = 1 — a(3 and taking p_ = p + for simplicity) , 



(2.45) 



s-AL (0 ,o) (a, 0) = 
s-AL (M) (a,/3) = 

s-AL (2 ,2)(a,/3) = 



0, 



= 0, 



-C(0,0)« 

c (o,o)/3 

-7(00 -a - + c ,+a+) - c (M) a y 
7(co,+/?^ + c ,-/3 + ) + c(i,i)/3 

/-7(c , + a ++ 7+ + c , -a 7" - a(c ,+a + /3~ + c ,-a~/3 + )\ 
-/3(c ,_(a-) 2 + co, + (a+) 2 )) 

7(c ,_/? ++ 7+ + C0.+/8— 7" - (3(c . + a+(3- + c a ^a'[3 + ) 
- a (c , + (r) 2 + co,-(/3 + ) 2 )) 



/-7(ci,_a + ci,+a+) - c (2 , 2 )cA n 
V 7(ci,+/9~ + ci,-/3+) + c (2)2) /3 J Ul 



etc., 



/ 

(2.46) 
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represent the first few equations of the stationary Ablowitz-Ladik hierarchy. Here 
we introduced 

Cp = (c p ,- + Cp,+)/2, p± G N . (2.47) 

By definition, the set of solutions of (|2.45|) . with p± ranging in No and q,± G C, 
I G No, represents the class of algebro-geometric Ablowitz-Ladik solutions. 

In the special case p = (1, 1), co,± = 1, and C(x,i) = —2, one obtains the station- 
ary version of the Ablowitz-Ladik system (jl.ip 



— 7(a + a + ) + 2a 
7 (/T + /3+)-2/3 



0. (2.48) 



Subsequently, it will also be useful to work with the corresponding homogeneous 
coefficients ft,±, 9i,±, and hi ±, defined by the vanishing of all summation constants 
c k ^± for k = 1, . . . , £, and choosing co,± = 1, 

M+ = -a + , fo- = a, h,± = fi,±\c ,±=i, Cj ,±=o,j=\,...,i, ^GN, (2.49) 

9o, ± = f, <k± = .9£,±|co, ± =i, Cj , ± =oj=i,...,f, ^ G N, (2.50) 

ho,+ = P, h - = -/3 + , ht,± = /i£,±| Co , ± =i,c 3 , ± =oj=i,.../, £ G N. (2.51) 
By induction one infers that 

lie 

fe,± = y^Q-fe,±/fe,±; 5c, ± = ^ c f-fc,±<?fc,±, = y^Q-fc,±fefc,±- (2.52) 

fc=0 fc=0 fc=0 

In a slight abuse of notation we will occasionally stress the dependence of fe t ±, ge,±, 
and he,± on a, (3 by writing ft t ±(a,/3), ge,±(a,p), and h^±{a,P). 

Remark 2.5. Using the nonlinear recursion relations (|A.29|) - (|A.34[) recorded in The- 
orem lA.l] one infers inductively that all homogeneous elements fi t ±, ge,±, and ht,±, 
£ G No, are polynomials in a,/3, and some of their shifts. (Alternatively, one can 
prove directly by induction that the nonlinear recursion relations (|A.29|) - (|A.34[) are 
equivalent to that in (|2.32|) - (l2.39p with all summation constants put equal to zero, 
ct,± = 0, t G N.) 

Remark 2.6. As an efficient tool to later distinguish between nonhomogeneous and 
homogeneous quantities fi t ±, gi,±, hi t ±, and fe,±, Qi,±, ht t ±, respectively, we now 
introduce the notion of degree as follows. Denote 

/ (r) =5 (r) /) f = {/(n)}neZ e C Z , S^ = \ {S+)r ' r r ~°> rGZ, (2.53) 

[{S ) r , r < 0, 

and define 

deg (a (r) ) = r, deg (/3^) = -r, re Z. (2.54) 

This then results in 

dflg(/T+) =£+l + r, deg(/W)=-£ + r, deg(g^l)=±l, 

w i w n (2.55) 

deg (/j^j) = £ - r, deg(/i^l) =-£-l-r, I G No, r G Z, 

using induction in the linear recursion relations ()2.32p - (|2.39j) . 
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In accordance with our notation introduced in (12. 49|) - (|2. 51|) . the corresponding 
homogeneous stationary Ablowitz-Ladik equations are defined by 



s-AL £ (a,/3) =s-AL £ (a,/?)| co _ ±=1 jCt<±=0it=1 _ p± , V = (P-,P+) e N§. (2.56) 

We also note the following useful result. 
Lemma 2.7. The coefficients fe t ±, gi,±, and hi ± satisfy the relations 



9l,+ ~ 9l+ = och it+ + Pf t>+ , £ e No, ^ 
9t- - 9t- = ahj_ + [3fe-, i G N . 



Moreover, we record the following symmetries, 



fe,±{co,±,a,P) = h eiT (c . T ,f3,a), gi.±(c .±, a, (3) = ge, T (c , T , 0,a), £ £ N . 

(2.58) 

Proof. The relations (|2.57|) are derived as follows: 



aht+i,+ + 0fi +lt+ = ah e + + af3(g e+ i, + + g l+1>+ ) + (3fi,+ - a[3(gi +lt+ + g e+h+ ) 
= ahj + + [3ft <+ = ge+i,+ - gj +1+ , (2.59) 



and 



ah £+i- +Pft+i - = ah - ~af3{ge+i- + af3{g e +i- + g t+1 _) 

= ahi - + [3fl_ = ge+i- + gj +1 _■ (2.60) 



The statement (j2 .58[) follows by showing that hi^{j3,oi) and ge,^{/3,a) satisfy the 
same recursion relations as those of fe,±{a,(3) and ge,±(a,0), respectively. That 
the recursion constants are the same, follows from the observation that the corre- 
sponding coefficients have the proper degree. □ 
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Next we turn to the Laurent polynomials F p , G p , H p , and K p denned in (|2.18p - 
(f2~20|) and (J2T22]). Explicitly, one obtains 

F {0 ,o) = 0, 

Cq.-0.z~ 1 + c 0i+ (-o: + ), 



-^(2,2) — co^az~ 2 + (co i -(7a _ — a 2 /3 + ) + Ci^ajz 

+ Co,+ ( - 7+a++ + {a+ffi) + c h+ (-a+) + c Q .+ {-a+)z, 

G(o,0) = 5 C 0,+ , 

= 5 c o,--z _1 + c ,+ (-a + /5) + \c\,+ + ^c Qt+ z, 
G(2,2) = \co-z~ 2 + (c ,-(-a/3 + ) + \ci-)z^ 

+ c , + ((a+/3) 2 - 7+0++/3 - 7 a + /T) + Cl ,+(-Q! + /3) + ±c 2 , + 

+ (c , + (-a + /3) + |ci, + )z+ \c . + z 2 , 
H (m = 0, 

# (1,1) = c + c ,+/3z, 

#(2,2) = c ,_(-/3+)z- 1 + c ,_( - 7 + /3 ++ + c(/3+) 2 ) + ci,-(-/3+) 
+ (c , + ( 7 /T - a+/? 2 ) + ci,+0)z + co.+pz 2 , 



(0,0) — 2 C °.-' 



(1.1) = \cq-z 1 + c 0i _(-a / 9 + ) + \c Y - + \cq,+z, 

(2.2) = \co-z^ 2 + (c ,-(-a/3 + ) + \c\-)z 



2' 

,-i 



+ c ,_ ((a[3+) 2 - 7+a/3 ++ - 7 c*-/3 + ) + d,_(-a/3+) + ^ 
+ (c ,+(-a + /3) + ici :+ )z + ic ,+2; 2 , etc. 

The corresponding homogeneous quantities are defined by (£ € No) 

i e-i 



Go,- 
Co,+ 



H, 



0,T 



An 



A , 



0, F^{z) = Y,fi-k.-z-\ F L+ (z) = J2ft-i-k,+z\ 

fc=l fc=0 

0, G e -(z) = ^ge-k-z-* 1 , 
fc=i 

1 - ? 

-, G £ ,+(z) = 2^&_ fc , + z fe , 

fc=0 

£-1 £ 

0, Ht,-(z) = J2h e - 1 - k ^z- k , Ht,+ {z) = ^2,ht-k,+z k , 



k=0 



fc=l 



k=0 



= 0, k it+ (z) = 51 9e-k,+z k = Ge,+{ z ) ~ ■ 



k=l 



(2.61) 



(2.62) 



Similarly, with Fg +>+ , Gg + _j r , iA» +j +, and A^ +j+ denoting the polynomial parts 
of Ft, Gg, Hi, and Kg, respectively, and Fg_ _, Gg_-, Hg_ _, and Kg_- denoting 
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the Laurent parts of Ft, Ge, Hi, and Kt, £ — (£-,£+) <E No, such that 
F i {z) = F i _ t _(z) + F t+t+ {z), G l (z) = G i _ i -(z) + G e+i+ (z), 
H e _(z) = + H l+i+ {z), K e _(z) = K e _^(z) + K i+r+ (z), 



(2.63) 



one finds that 





Gi-, 



k=l 




(2.64) 




In addition, one immediately obtains the following relations from (|2.58|) : 
Lemma 2.8. Let I e Np. Then, 



F tt ±(a,j3,z,n) = H ltT {f3,a,z~ x ,n), 
Hi t ±(a,/3,z,n) = Fi <:f (0,ot,z~ x ,n), 
Ge,±(a,/3,z,n) = G^ i=F (/3, a, z^ 1 , n), 
Kt,±(a,f3,z,n) = Kt^((3,a,z~ x ,n). 



(2.65) 
(2.66) 
(2.67) 
(2.68) 



Returning to the stationary Ablowitz-Ladik hierarchy, we will frequently as- 
sume in the following that a, (3 satisfy the pth stationary Ablowitz-Ladik system 
s-AL p (a,/3) = 0, supposing a particular choice of summation constants ci.± G C, 
£=0,... ,p±, p± E N , has been made. 

Remark 2.9. (z) The particular choice Co.+ = c ,_ — 1 in (|2.45[) yields the station- 
ary Ablowitz-Ladik equation. Scaling co,± with the same constant then amounts 
to scaling V p with this constant which drops out in the stationary zero-curvature 
equation l|2.8[) . 

(zz) Different ratios between co,+ and Co,- will lead to different stationary hierar- 
chies. In particular, the choice co,+ = 2, co,_ = ••• = c p __i,_ = 0, c p _,_ 7^ 0, 
yields the stationary Baxter-Szego hierarchy considered in detail in [28]. However, 
in this case some parts from the recursion relation for the negative coefficients still 
remain. In fact, (|2.39|) reduces to <? p _,- — g p _ _ = a/i p __i._, h p _-i j - = and 
thus requires g p _ _ to be a constant in (|2.45[) and (|2.87p . Moreover, f p __i t _ = 
in (|2.45p in this case. 

(zzz) Finally, by Lemma |2.8[ the choice c 0+ = ■■■ = c p+ _ 1 + = 0, c p+ , + ^ 0, 
Co,- = 2 again yields the Baxter-Szego hierarchy, but with a and (3 interchanged. 

Next, taking into account (|2.21|) . one infers that the expression R p , defined as 



is a lattice constant, that is, R p — R p =0, since taking determinants in the sta- 




(2.69) 




(2.70) 
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Hence, R P {z) only depends on z, and assuming in addition to (|2.ip that 

c o ,±eC\{0}, P = (p-,p + )e^\{(0,0)}, (2.71) 

one may write R p a^ 

/ x 2 2p+l 

Rp ~ {z)= H^) n^-^)' wscc\{o},j)=Mp + -i6% 

\ ' ro=0 

(2.72) 

Moreover, (|2.69|) also implies 

2p+l 

lim4z 2 f-^(z) = c 2 , + J] (-E m ) = cg,_, (2.73) 

m— 

and hence, 

2p+l c 2 

n ^™ = j^- ( 2j4 ) 

Relation (|2.69p allows one to introduce a hyperelliptic curve K, p of (arithmetic) 
genus p = p- + p + — 1 (possibly with a singular affine part), where 

2p+l 

)C p :T p (z,y)=y 2 -4co 2 + z 2p -R P _(z) = y 2 - ]J (z - E m ) = 0, p = p_+p + -l. 



m=0 



(2.75) 



Remark 2.10. In the special case p_ = p + and cg t+ = c^_, i — 0, the 
symmetries of Lemma [^H also hold for F p , G p , and H p and thus Rp{\/z) = R p (z) 
and hence the numbers E m , m — 0, . . . , 2p + 1, come in pairs 1/Ek), k — 
l,...,p + l. 

Equations (|2.10j) - (l2.13j) and (|2.69|) permit one to derive nonlinear difference 
equations for F p , G p , and H p separately. One obtains 

((a+ + za) 2 F p - z(a+) 2 7 F-) 2 - 2za 2 7 +((« + + za) 2 Fp + z(a+) 2 7 F-)F p + 
+ z 2 a 4 ( 7 +) 2 (F+) 2 = 4(aa+) 2 (a+ + az) 2 ^, (2.76) 

(a+ + za)(/3 + z/3+)(z + a+/3)(l + za/3+)G 2 
+ z(a + 7 G £ + za 7 +G+)(z/3+ 7 Gp + /? 7 +G+) 

- z 7 ((a+/3 + z 2 a/3+)(2 - 7 +) + 2z(l - 7 +)(2 - 7 ))G~ G £ 

- z 7 +(2z(l - 7 ) (2 - 7 +) + (a+(3 + z 2 af3+)(2 - -f))G+G p 

= {a+f3 - z 2 af3 + ) 2 R p , (2.77) 

z 2 ((/3+) 2 7 ^- - (3 2 j + H+) 2 - 2z(J3 + z/3+) 2 ((/3+) 2 7j ff E + /3 2 7 +^H 

+ (/3 + z/3+fH 2 = 4z 2 (/3/3+) 2 (/3 + (3+z) 2 R p . (2.78) 



We use the convention that a product is to be interpreted equal to 1 whenever the upper limit 
of the product is strictly less than its lower limit. 
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Equations analogous to (12.76|) - (|2.78|) can be used to derive nonlinear recursion 
relations for the homogeneous coefficients fe ; ±, ge.±, and hg t ± (i.e., the ones sat- 
isfying (|2.49p - ()2.51|) in the case of vanishing summation constants) as proved in 
Theorem IA.1I in Appendix lAl This then yields a proof that fe.±, ge,±, and hi t ± 
are polynomials in a, f3, and some of their shifts (cf. Remark |2.5|) . In addition, as 
proven in Theorem IA.2| (|2.76|) leads to an explicit determination of the summa- 
tion constants c\ t ±, . . . , c p±; ± in (|2.45| in terms of the zeros Eq, . . . , i?2p+i of the 
associated Laurent polynomial R p in (|2.72[) . In fact, one can prove (cf. l|A.42p ) 

Q,± = c ,±q(S ±1 ), e = 0,...,p ± , (2.79) 

where 

C0 (^ ±1 ) = l, 

CkiE* 1 ) (2.80) 

k 

\- (2j )!---(2j 2p+ i)! ±jo ±j 2p+1 

2-^ 9Zk(n n \\2...(A^\\2(OA-\\...(Oo„„,T-'[\ Q '"^p+1 > 



. 22*0 !)2...( j2p+1 !)2 ( 2 j0 -l)...(2 j2p+1 -l) 

jcH hj2p+l=fe 



iteN, 



are symmetric functions of E^ 1 = (Eq, . . . , E^ +1 ) introduced in (|A.5|) and (|A.6|) . 

Remark 2.11. If a, (3 satisfy one of the stationary Ablowitz-Ladik equations in 
(|2.45|) for a particular value of p, s-AL p (a, 0) = 0, then they satisfy infinitely many 
such equations of order higher than p for certain choices of summation constants 
C£ ±. This can be shown as in [29l Remark 1.1.5]. 

Finally we turn to the time-dependent Ablowitz-Ladik hierarchy. For that pur- 
pose the coefficients a and are now considered as functions of both the lattice point 
and time. For each system in the hierarchy, that is, for eachp, we introduce a defor- 
mation (time) parameter t p £ K in a, (3, replacing a(n), @(n) by a(n,t p ), (3(n,t p ). 
Moreover, the definitions (pO)j) . (Hp) , and ([27T5]) - ([2^0]l of U, V p , and F p , Gp, H P ,K P , 
respectively, still apply; however, equation (|2.2ip now needs to be replaced by (|2.22l) 
in the time-dependent context. 

Imposing the zero-curvature relation 

U tp +UVp-V+U = 0, peNl (2.81) 
then results in the equations 

o = u tp _ + uv p -v+u 

I z(G p — G p ) + z/3F p + aH~ —iot tp + F p ~ zF p — a(G p + K~)\ 

~ 1 I -iz0 ip + z/3(G p + K p ) - zH p + H p -z(3F p - aH p + K p - K p J 







-ia tp _ - a(g p+!+ +g p _ _)\ 
+fp+-i,+ - f p _-i,- 



V -h p _-i- + h p+ _ 1+ ) 11 / 

or equivalently, 



(2.82) 



iPtp+P(9 P+ ,+ +9p- 

+ K+-i,+) 

a tp _ = i(zF p + a{G p + K p ) - F p ), (2.83) 
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p tp _ = -t(/3(G- + K p ) - Hp + z^H-), (2.84) 
= z(G~ -Gp) + z0Fp + aH-, (2.85) 
= z/3F- + aHp + K- - Kp. (2.86) 

Varying p £ N 2 , , the collection of evolution equations 

tp£R, p=(p_,p+)£N 2 , 

then defines the time-dependent Ablowitz-Ladik hierarchy. Explicitly, taking p_ = 
p + for simplicity, 

V l Pt(o,o) + C (0,0)P/ 

AT „ /31 - (-^M ~ ^ c °>- a ~ + c ^+ a+ ) - c (lA) a \ _ n 



^(1,1) + ^( C ° I +/ 3 + c o ,-/ ?+ ) + C (1S)P 
AL (2 , 2) (a,/3) (2. 

/-ia t{2 2) - 7(c ,+a ++ 7 + + Co,_a 7" - a(c . + a + /3 - + c .-a~/3 + )\ 
-/3(co,-(a-) 2 + Co , + (a + ) 2 )) 
-i(3t (2 9) + 7(c ,-/3 ++ 7 + + c ,+/3 7" - /3(c , + co,-a~0 + ) 
V -a( Co , + (r) 2 +co,-(/3 + ) 2 )) / 

-j(ci t -Ct~ + ci j+ a + ) - c (2 , 2 )a 
j(c lj+ 0- + Ci + C (2 , 2 )/? 



0, etc. 



represent the first few equations of the time-dependent Ablowitz-Ladik hierarchy. 
Here we recall the definition of c p in (|2.47[) . 

The special case p = (1, 1), c ,± = 1, and cnu = —2, that is, 



0, (2.89) 



-ia t{1 !j - 7(a +a+) + 2a 
-i/3 t(M) +7(/3-+/3+)-2/3 

represents i/ie Ablowitz-Ladik system 

The corresponding homogeneous equations are then defined by 

A\(a,/3) = ALp(a,/?)| co ±=l cf ±=0ifclj ^ p± - 0, £ = (p-,p+) £ N 2 ,. (2.90) 

By pT87|) . ([2~33| . and (|2~37|) . the time derivative of 7 = 1 - a/3 is given by 

7t £ = *7((5 P+ ,+ -5p + ,+) - (9p-- ~9p_,-))- (2-91) 

(Alternatively, this follows from computing the trace of \JtJJ~ 1 — V p + — UVpU^ 1 .) 
For instance, if a, (3 satisfy ALi(a, (3) — 0, then 

7tl = i 1 (a(c ,-P + + c ,+/r) - /3(c 0i+ a+ + co,-oT)). (2.92) 

Remark 2.12. From (|2.10[) — (|2.13[) and the explicit computations of the coefficients 
fe,±-> 9i,±> an d /i^,±, one concludes that the zero-curvature equation (|2.82[) and 
hence the Ablowitz-Ladik hierarchy is invariant under the scaling transformation 

a^Q c = {ca(n)U /3 -> f3 c = {/3(n)/c} nez , ceC\{0}. (2.93) 
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Moreover, R p = G 2 — H p F p and hence {-Bmlmio are invariant under this trans- 
formation. Furthermore, choosing c = e lc S- , one verifies that it is no restriction 
to assume c p = 0. This also shows that stationary solutions a, (3 can only be 
constructed up to a multiplicative constant. 

Remark 2.13. (?) The special choices /? = ±a, co,± = 1 lead to the discrete non- 
linear Schrodinger hierarchy. In particular, choosing C(x,x) — —2 yields the discrete 
nonlinear Schrodinger equation in its usual form (see, e.g., [7] Ch. 3] and the refer- 
ences cited therein), 

- ia t - (IT M 2 )(a~ + a + ) + 2a = 0, (2.94) 

as its first nonlinear element. The choice (3 = a is called the defocusing case, (3 = —a 
represents the focusing case of the discrete nonlinear Schrodinger hierarchy. 
(ii) The alternative choice (3 = a, cq.± = leads to the hierarchy of Schur flows. 
In particular, choosing cm^ = yields 

a t - (1 - M 2 )(a+ - a") = (2.95) 
as the first nonlinear element of this hierarchy (cf. [TO], [53], [55], [35], [UJ, [50]). 

3. The Stationary Ablowitz-Ladik Formalism 

This section is devoted to a detailed study of the stationary Ablowitz-Ladik 
hierarchy. Our principal tools are derived from combining the polynomial recursion 
formalism introduced in Section [5] and a fundamental meromorphic function <fr on 
a hyperelliptic curve K, p . With the help of we study the Baker- Akhiezer vector 

and trace formulas for a and (3. 

Unless explicitly stated otherwise, we suppose in this section that 

a,/?GC z , a(n)(3(n) <£ {0, 1}, n G Z, (3.1) 

and assume flU}, flU]), (23), (l2T8l) - (l2~2lT) . (I2~32ll - (l2~39l . (l2~40|l . (ESS]), 
([272]) . keeping peN fixed. 

We recall the hyperelliptic curve 

2p+l 

K p : T p (z,y) = y 2 - 4c Q 2 + z 2 ' } - R p {z) = y 2 - JJ {z - E m ) = 0, 



m=0 



(3.2) 



/ \ 2 2p+l 

^ Z ' m=0 

as introduced in (|2.75p . Throughout this section we assume the affine part of K, p 
to be nonsingular, that is, we suppose that 

E m ^ E m i for m ^ m', m, m' = Q, 1, . . . , 2p+ 1. (3-3) 

K. p is compactified by joining two points Poo±, Poo+ ^ -Poo_, but for notational 
simplicity the compactification is also denoted by K p . Points P on /C p \{Poo + , Poo_ } 
are represented as pairs P = (z, y), where y( ■ ) is the meromorphic function on IC P 
satisfying T p {z,y) = 0. The complex structure on K, p is then defined in the usual 
manner. Hence, K. p becomes a two-sheeted hyperelliptic Riemann surface of genus 
p in a standard manner. 

We also emphasize that by fixing the curve K p (i.e., by fixing Eq, . . . ,i?2 P +i), 
the summation constants ci,±, . . . , c p±; ± in / p±l ±, g P± ,±, and h p±t ± (and hence in 
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the corresponding stationary s-AL p equations) are uniquely determined as is clear 
from (|2.79p . (|2.80|) . which establish the summation constants ci± as symmetric 
functions of Eq 1 , . . . , E^j+i- 

For notational simplicity we will usually tacitly assume that p G N and hence 
p G Nq\{(0, 0), (0, 1), (1, 0)}. (The trivial casep = is explicitly treated in Example 

is) 

We denote by {/-*j(*n.)}j=i,...,p and {vj{n)}j—i p the zeros of ( • ) p ~ F p ( ■ , n) and 
( • ) p ~ H p { ■ , n), respectively. Thus, we may write 



F p {z) = -c^+a + z- p - l[(z H ), (3.4) 

j=i 
p 

H v _{z) = c a .+Pz-P-+ 1 l[(z-v J ) : (3.5) 
and we recall that (cf. (|2.69|) ) 

Rp — G p = —FpHp. (3.6) 

The next step is crucial; it permits us to "lift" the zeros fij and Vj from the complex 
plane C to the curve IC P . From (|3.6| one infers that 

Rp(z) - Gp{z) 2 = 0, z G {fij, Vk}j,k=i,...,p- (3.7) 

We now introduce {Ai}i=i,... ,p C /C p and {%}j=i,...,p C /C p by 

jljin) = (fi J (n),(2/c Q . + )fi J (n) p -Gp(fi :i (n),n)), j = l,...,p, n G Z, (3.8) 

and 

^•(n) = (vj(n), -(2/c 0!+ )iyj(n) p -Gp(^(n),n)), j = l,...,p, n G Z. (3.9) 
We also introduce the points Po,± by 

c 2 2p+l 

P ,± = (0, ±(c ,-/c , + )) G /C p , = J] £ m . (3.10) 

C 0,+ m=0 

We emphasize that Po,± and Poo ± are not necessarily on the same sheet of JC P . 

Next, we briefly recall our conventions used in connection with divisors on K, p . 
A map, T>: K, p — > Z, is called a divisor on IC P if D(P) ^ for only finitely many 
P £ iC p . The set of divisors on JC p is denoted by Div(/C p ). We shall employ the 
following (additive) notation for divisors, 

VqoQ^Vq^Vq, VQ = V Ql +---+V Qm , (3.11) 

Q = {Qi, ■ ■ • , Q m } G Sym m K p , Q G /C p , m G N, 

where for any Q G fC p , 

and Sym™ K. p denotes the nth symmetric product of K, p . In particular, Sym" 1 K, p 
can be identified with the set of nonnegative divisors < T> G Div(A^ p ) of degree m. 
Moreover, for a nonzero, meromorphic function / on JC P , the divisor of / is denoted 
by (/). Two divisors T>, £ G Div(£ p ) are called equivalent, denoted by V ~ £, if 
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and only if V - £ = (/) for some / E M{1C P ) \ {0}. The divisor class [V] of V is 
then given by [V] = {£ G Div(/C p ) | £ ~ I>}. We recall that 

deg((/)) = 0, / G A<(/Cp) \ {0}, (3.13) 

where the degree deg(P) of V is given by deg(X>) = J2pek p ^(P)- 
Next we introduce the fundamental meromorphic function on JC P by 

(c , + /2)z-r-y + G p (z,n) 
^ U) = F^n) (3 ' 14) 



-H p (z,n) 



(3.15) 



(c ,+/2)z P-y - Gp(z,n)' 

P = (z,y) G Kp, n G Z, 

with divisor (</>( ■ , n)) of </>(•, n) given by 

((/)(-, n)) ='Dp 0t _uin) -2 ? p 00 _Mn), (3.16) 

using (|3.4p and (|3.5|) . Here we abbreviated 

A = {Ai, ■ ■ -iApI) £ = 0*1 1 ■••,i ) p} G Sym p (/C p ). (3.17) 

(The function <j> is closely related to one of the variants of Weyl-Titchmarsh func- 
tions discussed in [33], [35], [35] in the special defocusing case f3 = a.) Given 
</>(•, n), the meromorphic stationary Baker- Akhiezer vector , n,no) on /C p is 
then defined by 

*(P,n,no) = , , 

[ rin'=„o+i ( z + (P, n')) , n > n + 1, 

ip x {P,n,n ) = i 1, n = n , (3.18) 

llC=»+i (z + a(n')<f>- (iV)) -1 , n <n - 1, 

[ n^=„ 0+1 (^K)r(^n')- 1 + 1), n > n + 1, 
ip 2 (P,n,n ) = (/>(P,n ) < 1, n = n , 

llKWi (^K)r(^n')- 1 + n < n - 1. 

(3.19) 

Basic properties of and IP are summarized in the following result. 



Lemma 3.1. Suppose that a, (3 satisfy (|3.1|) and the pth stationary Ablowitz- 
Ladik system ()2.45[) . Moreover, assume (|3.2j) and ()3.3|1 and Ze< P = (z,y) G 
^-p \ {^oo+j-Foo-j^b.+ j-Po,-}) ( n T n o) G Z 2 . TTien </> satisfies the Riccati-type equa- 
tion 



a 



<t>{P)ct>- (P) - <f>~ (P) + z<j>{P) = zf3, (3.20) 



as well as 



HJz) 

<KP)<KP*) = -jTtJt, (3-21) 
^(P)+0(P*)=2-^, (3.22) 
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(j) (P)-^P*)=co, + z-v-j^±. (3.23) 

The vector ^ satisfies 

U(z)$-(P) = 9(P), (3.24) 
V E (z)*-(P) = -{i/2)c Q , + z-v-y^-{P), (3.25) 
ip 2 (P,n,n ) =</.(P,n)Vi(P,n,n ), (3.26) 

F (z n) 

MPn,n )MP*,n,n Q ) = z"~"° // - ' r(n,n ), (3.27) 

Fp(z,n ) 

^ 2 (P,n,no)^(P* ) n,no) = ^-" ^^4r(n 1 no), (3.28) 

Fp(z,n ) 

?/>i (P, n, n )ip 2 (P*,n, n ) + ipi (P*,n, n Q )ip 2 (P, «, ^o) (3.29) 

G„(z, n) 

= 2z"-" -^ .T(n,n ), 

Fp{z,n ) 

ipi(P,n,n )ip2{P*,n,n ) - ipi(P*,n,no)ip2(P,n,n ) (3.30) 

= -co, + z"-"°-p- y r r(n,n ), 
F £ (z, n ) 

where we used the abbreviation 



n^=„ +i7K), 


n > no 


+ 1, 




i, 


n = n , 




(3.31) 




n < no 


- 1. 





Proof. To prove (|3.20[) one uses the definition (|3 . 14[) of <fi and equations (|2.10l) . 
flUTH) , and dUBSJ) to obtain 

a<j){P)<jT (P) - 0(P) _ + z0(P) - z(3 



FpFp 



^— (aGpGp + (c .+/2)z- p - ya(G p + G p ) + aR p 
i"p v — — - - - 

(G- + (co, + /2)z- p -j/)F £ + z(Gp + (c ,+/2)z- p -y)F R - zpFpF^ 
' 'aGpiGp + G-) + Fp(-aHp — G~ — zf]F p ) + zF p G £ ) = 0. (3.32) 



FpFp 



Equations ()3.21() — (|3.23() are clear from the definitions of cf> and y. By definition of 
ip, (|3.26p holds for n = no. By induction, 

V> 2 (P,n,n ) _ z/3(n)0-(P,n)- 1 + l^(P,n,n o ) _ z p{n) + <j>-(P,n) 
ipi(P,n,n ) z + a(n)(j)~ (P, n) i/>r (-P n > n o) z + a(n)0 _ (P, n) ' 

and hence ip 2 /ipi satisfies the Riccati-type equation (|3.20p 

f \,wd ,ip2(P,n,n ) i/; 2 (P,n,n ) 

a(n)(j) (P, n) — — - (P, n) + z — — - z/3(n) = 0. (3.34) 

tpi(P,n,n ) ipi(P,n,n ) 

This proves f336]l . 

The definition of i/> implies 

4>i(P,n, n ) = (z + a(n)(j)~(P, n))i/}^(P,n, n ) 
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= zip! (P, n, n ) + a(n)ij} 2 (P, n, no), (3.35) 

ip2{P,n,n ) = {zP{n)4>-(P,n)- 1 + l)ifo(P,n,no) 

= z0(n)^ (P,n,no) + ^(P,n,n ), (3.36) 

which proves ()3.24p . Property (|3.25p follows from (|3 . 26(1 and the definition of <f>. 
To prove (f3~2"7) one can use (j2~TU)) and (12~T2"]) 

MP)MP*) = {z + a4>-(P)){z + a^(P*))^(P)^(P*) 

= -^(z 2 F; + 2zaG- + a 2 H-)^(P)^(P*) 
bp - - 

= -^(z 2 F- - zaf3F p + za{G p + G~))ipi (P)ipi(P*) 
bp - - - 

= zj^~(P)i;-(n. (3.37) 
bp 

Equation (f3~2"5|) then follows from (|3~2^|) and (|3~2"4]) . Finally, equation (j3~2T))) (resp. 
(|330| ) is proved by combining (|3~22f and (|3~26j) (resp. (l33?3f and (f3T26|) V □ 



Combining the Laurent polynomial recursion approach of Section [2] with (|3.4p 
and ()3.5p readily yields trace formulas for f^± and in terms of symmetric 
functions of the zeros fXj and Vk of (-) p ~F p and (■) p -~ 1 H p , respectively. For 
simplicity we just record the simplest cases. 

Lemma 3.2. Suppose that a, (3 satisfy (|3.ip and the pth stationary Ablowitz-Ladik 
system (|2.45|) . Then, 

P /2p+l v -1/2 

j=l V m=0 / 
P /2p+l \ -1/2 

iwiim > ( 3 - 3g ) 

j=l \ m=0 ' 



£ w = Q +/?- 7 +^-£i±, (3.40) 



3=1 
P 



£^ = «+/3- 7 ^--^±. (3.41) 
P c o,+ 



3=1 

Proof. We compare coefficients in (|2.18p and (|3 .4[) 

zP-F p (z) = /„,_ + • • • + z p - +p+ - 2 /i,+ + z^+P^h 



p p 



= c , + a+( n^ + --- + ^- +p+ " 2 E^- z ^ +P+_1 ) ( 3 - 42 ) 

S'=l 3=1 ' 

and use fo,- = co,~a and f\ t + = co,+ ((a + ) 2 /3 — 7 + a ++ ) — a + ci : + which yields 
(|3.38p and (|3.40p . Similarly one employs h$- = — c 0: _/3+ and + = c 0:+ ( 7 /3~ — 
a + /3 2 ) + /3ci,+ for the remaining formulas (|3.39p and (|3.41|1 . □ 

Next we turn to asymptotic properties of <f> and $ in a neighborhood of Poo ± 
and Po ± . 
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Lemma 3.3. Suppose that a, (3 satisfy (|3.1j) and the pth stationary Ablowitz-Ladik 
system (|2.45|) . Moreover, let P = (z,y) G fc p \ {Poo+ , Poo_ , Pq,+ , Pq,-}> (n,n ) G 
Z 2 . Then <f> has the asymptotic behavior 

MP) = J^ + ^ + ^C 2 ), P-P~ + , , 

(3.43) 

0(P) A{- rc - r+7+c2 + o(C 3), p^p ,_, c = z - ^ 

The components of the Baker- Akhiezer vector VP have the asymptotic behavior 
ni/' = : ..r^,, ; , .. „ ~~ + ' C = 1A, (3-45) 



C n °- n (i + o(0), p^P 

^°l^S r K"0)+O(C), P-Poo_ 



^i(P, n, no) = { + ° (C) ' P ^ jP °' + ' C = z, (3.46) 

C-o|C"-"°r(n ; n )(l + 0(0), P^Po,-, 

i m \ J/3(n)C"°-"(i + 0(C)), P^Poo + , . , . 

^(P,»,no) = < i p/ \Mfixn^ p p C = l/% (3-47) 

0(0, P^Po,+, 



ib 2 {P,n,no) = < Q(no) ' C = z- 

oy C-ol-/^(n)r(n,no)C n+1 - Bo (l + 0(C)), P^P),-, 



(3.48) 



The divisors fyj) oftpj, j = 1,2, are given by 



(^i(-,n,n ))=V^ n )-Vfi(n ) + (n-no)('Dp 6i _ -D Poo+ ), (3.49) 

(V> 2 ( • , n, n )) = Po (n ) - £>/i( no ) + (n - n ){V Pa _ - V Px+ ) + V Po _ - V Px _ . 

(3.50) 



Proof. The existence of the asymptotic expansion of <fi in terms of the local coordi- 
nate Q = l/z near Poo ± , respectively, C, = z near Po,± is clear from the explicit form 
of <j> in (|3.14[) and (|3.15p . Insertion of the Laurent polynomials F p into (|3.14l) and 
Hp into (|3 . 1 5[) then yields the explicit expansion coefficients in (|3.43[) and (|3.44[> . 
Alternatively, and more efficiently, one can insert each of the following asymptotic 
expansions 

4>{P) = ^z + fo + faz' 1 + 0{z~ 2 ), 

z— >oo 

4>{p*) = fo + faz- 1 + o( z - 2 ), 

z ^°° f3 51) 

0(P) = (j> Q +^ 1 z + 0{z 2 ), 

z— >u 

<j>{P*) = <j> lZ + cb 2 z 2 + 0(z 3 ) 

z—tO 

into the Riccati-type equation (|3.20|) and, upon comparing coefficients of powers 
of z, which determines the expansion coefficients <j>k in (|3.51j) . one concludes (|3.43p 
and (|3~44ll . 
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p - 


-> p 


p - 


4 P 


p - 




p - 





Next we compute the divisor of ipi. By (|3.18j) it suffices to compute the divisor 
of z + a4>~ (P) . First of all we note that 

z + 0(l), 
iz + 0{z 2 ), 

which establishes (|3.45[) and (|3.46p . Moreover, the poles of the function z + a<f>~(P) 
in JC P \ {Pq,±, Poc ± } coincide with the ones of §~ (P), and so it remains to compute 
the missing p zeros in fC p \ {Po,±, Poo ± }■ Using (f27T2|) . (pT21]) . (f2T69|) . and y(fij) = 
(2/co !+ )f^~ Gp(iij) (cf. (|3.8|l ) one computes 

(c , + /2)^-y + G- 

z + affl (P) = z + a — 

F E 

Fp + a((c^ + /2)z-P-y-Gp) 
Fp 

F^ (c , + /2) 2 z-^-y 2 -G| 

" Fp +a Ff((c , + /2)z-P-y + Gp) 

F p ( aHp \ F p {P) 

= 1 + 7 ^ _„ £ - , ^ = T^O(l). (3.53) 



V (c ,+/2)z-P-y + GpJ p^h Fp{P) 

Hence the sought after zeros are at flj, j = 1, . . . ,p (with the possibility that a zero 
at p,j is cancelled by a pole at fiJ ) . 

Finally, the behavior of ip2 follows immediately using ip2 = (jyipi ■ Q 

In addition to (|3.43|) , (|3.44p one can use the Riccati-type equation (|3.20|) to derive 
a convergent expansion of </> around Poo ± and Pq.± and recursively determine the 
coefficients as in Lemma 13.31 Since this is not used later in this section, we omit 
further details at this point. 

Since nonspecial divisors play a fundamental role in the derivation of theta func- 
tion representations of algebro-geometric solutions of the AL hierarchy in [31j . we 
now take a closer look at them. 



Lemma 3.4. Suppose that a, (3 satisfy (|3.ip and the pth stationary Ablowitz-Ladik 
system (I2.45|) . Moreover, assume (|3.2|) and (|3.3p and let n S Z. Let T>p\, fi = 
{p,i, . . . , fl p }, and T>0_, P = {P x , . . . ,v p }, be the pole and zero divisors of degree p, 
respectively, associated with a, (3, and <fi defined according to (13. 8p and (|3.9p . that 
is, 

fij(n) = (fJ,j{n), (2/c , + )Mj(n) p -Gp(^-(n),n)), j = l,...,p, 
fy(n) = (v {n),-{2lc G ^ + )v {nY-Gp{y ] {n),n)), j = 1, ...,p. 

Then T> pi n \ and T>0t n \ are nonspecial for all n G Z. 

Proof. We provide a detailed proof in the case of By [301 Thm. A. 31] (see 

also |29[ Thm. A. 30]), Djxt n ) is special if and only if {/ti(n), . . . ,p, p (n)} contains 
at least one pair of the type {/i(n), fi(n)*}. Hence 2}/i(n,) is certainly nonspecial 
as long as the projections fij(n) of p,j(n) are mutually distinct, Hj(n) ^ ^k(n) for 



(3.54) 
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j 7^ k. On the other hand, if two or more projections coincide for some no G Z, for 
instance, 

VhM = ■■■ = /"jv("o) =Mo, N G {2, . . . ,p}, (3.55) 
then G p (fj,o, no) ^ as long as /io ^ {#b ■ ■ ■ , ^p+i}- This fact immediately follows 
from (|2.69|) since F p (p ,no) = but R p (/j,o) ^ by hypothesis. In particular, 
An («o), . . ■ , Aw (no) all meet on the same sheet since 

A>("o) = (Mo, (2/c ,+)/Xo"G £ (a«o,«o)), r = l,...,iV, (3.56) 

and hence no special divisor can arise in this manner. Remaining to be studied is 
the case where two or more projections collide at a branch point, say at (E ma ,Q) 
for some no G Z. In this case one concludes F p (z,n ) — 0((z — E mo ) 2 ) and 

z^E mQ 

G p (E mo ,n o ) = (3.57) 

using again (|2.69[) and F p (E mo , no) = R p (E mo ) — 0. Since G p ( ■ , no) is a Laurent 
polynomial, (|3.57| implies G p (z,no) = 0((z — E ma )). Thus, using (|2.69[) once 

more, one obtains the contradiction, 

O{{z-E mo f) = R p (z) (3.58) 



z^E„ 




£ m ) + 0(z - E„ 



\2E; 



Consequently, at most one Aj( n ) can hit a branch point at a time and again no 
special divisor arises. Finally, by our hypotheses on a, 0, Aj( n ) stay finite for fixed 
n G Z and hence never reach the points Poo ± . (Alternatively, by (|3.43[) . jlj never 
reaches the point Poo + . Hence, if some fij tend to infinity, they all necessarily 
converge to Poo_ •) Again no special divisor can arise in this manner. 

The proof for T>$i n \ is analogous (replacing F p by H p and noticing that by (|3.43[) . 
4> has no zeros near Poo±), thereby completing the proof. □ 

The results of Sections and [3] have been used extensively in [3T] to derive the 
class of stationary algebro-geometric solutions of the Ablowitz-Ladik hierarchy and 
the associated theta function representations of a, /3, <fi, and 'J. These theta func- 
tion representations also show that 7(n) ^ {0, 1} for all n G Z, and hence condition 
(|3.ip is satisfied for the stationary algebro-geometric AL solutions discussed in this 
section, provided the associated divisors T^fi{ n ) an( i T^t>(n) stay away from P cc± , Po,± 
for all n G Z. 

We conclude this section with the trivial case p — excluded thus far. 

Example 3.5. Assume p — and co,+ = Co.- ~ cq ^ (we recall that g p+ ,+ = 
g p _-)- Then, 

F{o,a) = P(o,o) = #(o,o) = #(o,o) = 0, G(o,o) = #(o,o) = 2~ c °' 
G( ,o) = #(o,o) = 2' ^(o,o) = ^ c o> 

a = /? = 0, (3.59) 
TJ ( z °\ V lc ° f 1 
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Introducing 



' z n-n \ / q\ 

® + (z,n,n )=[ Q j, ®-(z,n,n ) = f 1 ) , n,n eZ, (3.60) 



one verifies the equations 



uvg = 9±, v m *z = ±-%r*Z. (3-61) 



4. The Time-Dependent Ablowitz-Ladik Formalism 

In this section we extend the algebro-geometric analysis of Section [3] to the time- 
dependent Ablowitz-Ladik hierarchy. 

For most of this section we assume the following hypothesis. 

Hypothesis 4.1. (i) Suppose that a,f3 satisfy 

a(-,t),/3(-,t) G C z , t e R, a(n, •), /3(n, •) G C^R), n € Z, 

a(n, t)/3(n, t) <£ {0, 1}, (n, f) e Z x R. 
(u) Assume that the hyperelliptic curve K p satisfies (|3.2|) and (|3.3|l . 

The basic problem in the analysis of algebro-geometric solutions of the Ablowitz- 
Ladik hierarchy consists of solving the time-dependent rth Ablowitz-Ladik flow 
with initial data a stationary solution of the pth system in the hierarchy. More 
precisely, given p 6 Nq \ {(0, 0)} we consider a solution , of the pth station- 
ary Ablowitz-Ladik system s-AL p (a^°\ (3^) — 0, associated with the hyperelliptic 
curve Kp and a corresponding set of summation constants {ce^±}e=i,..., p± C C. 
Next, let r = (r_,r + ) 6 N^; we intend to construct a solution a, j3 of the rth 
Ablowitz-Ladik flow AL r (a,/3) = with a(io,r) = a (0) , /3(*o,r) = /3 (0) for some 
<o,r € R. To emphasize that the summation constants in the definitions of the 
stationary and the time-dependent Ablowitz-Ladik equations are independent of 
each other, we indicate this by adding a tilde on all the time-dependent quantities. 
Hence we shall employ the notation V L , i*V, G L , Hr, Kr, /s,±, 9s,±, h s ,±, c s ,±, 
in order to distinguish them from V p , F p , G p , H p , K Pl fe,±, ge,±, ht t ±, ce t ±, in 
the following. In addition, we will follow a more elaborate notation inspired by 
Hirota's r-function approach and indicate the individual rth Ablowitz-Ladik flow 
by a separate time variable t r G R. 

Summing up, we are interested in solutions a, (3 of the time-dependent algebro- 
geometric initial value problem 

9r-,-) + fr+-l,+ - fr_ 




AL r ( a ,[3) = z- , ■ - r M = °> 

'■9r-,-)-h r _- 1> - + h r+ _ lj+ J (4.2) 

(«>/3)| t=to , E = (« (0) »/3 (0) ). 

^>v } - (^^^:^;) ^° (4 - 3) 

for some to. r G R, where a = a(n,t r ), (3 = (3{n,t r ) satisfy (|4. 1 [) and a fixed curve 
K. p is associated with the stationary solutions a^-°\ in (|4.3|) . Here, 

P= (P-,P+) eNg\{(0,0)}, r= (r_,r+) G Ng, p = p_+p + -l. (4.4) 
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In terms of the zero-curvature formulation this amounts to solving 

U tj .(z, U) + U{z, U)V, L (z, U) - V^(z, tr)U(z, U) = 0, (4.5) 

U(z,t ,r)Vp(z,t , L ) - V+(z,t ,r)U(z,t ,r) = 0. (4.6) 

One can show (cf. [35]) that the stationary Ablowitz-Ladik system (|4.6p is actually 
satisfied for all times t L £ M: Thus, we actually impose 



(4.7) 
(4.8) 

instead of (|4.5I) and (|4.6p . For further reference, we recall the relevant quantities 
here (cf. QZlft, (l2~TgD ~(l2"52l): 



U tjL {z, t L ) + U(z, U)Vr(z, U) - Vf(z, U)U(z, t L ) = 0, 
U(z, U)Vp(z, U) - V+(z, t L )U{z, t L ) = 0, 



U(z) = 
V p (z)=i 



z a 
z0 1J> 



'G-_{z) -F£{z? 
H-{z) ~G-{z) 



V r (z) = i 



f G~[z) -F£{z? 
K H-(z) -K-{z) ; 



(4.9) 



and 



F P _{z) 


£/p - ' 

l=\ 


P+-1 

/] f P+ -i-e,+z e = -c 0t+ a + z 
e=o 


P 

P IK* 

3=1 


G p (z) 


P- 

i=\ 


p+ 

^j9 P+ -l,+z l , 
e=o 




Hp(z) 


v--i 

= ^2 hp_-i-e-z 
e=o 


p+ 
1=1 


P 
3 = 1 


Fr(z) 


r_ 

8=1 


r+-l 

s=a 




G r (z) 


V — 

= ^2<ir--s.-Z~ S -+ 
s=l 


r + 

y^,9r+-s, + Z S , 
s=Q 




Hr(z) 


r_-l 

— ^2 hr--\-B,—% 
s=0 


r+ 

-\- ^ ^ h r ^— s ^-Z , 

s=l 




K L (z) 


r— 

= J2g r -- s ,-z~ s 4 

s=0 


r+ 

^2g r+ - s ,+z s = Gr(z) +§r-,- 


~9r+,+ 



(4.10) 



(4.11) 



for fixed p £ \ {(0 , 0)}, r € N§. Here /g,±, / s , ± , # j± , <? s ,±, h^±, and h 3 ,± 
are defined as in (|2.32D (12.391) with appropriate sets of summation constants ct.±. 
I G N , and c*,±, fc £ No- Explicitly, (|4~7) and ([H} are equivalent to (cf. (|2~TU)l - 



a tj , = i(yzF,£ + a(G L + -K^) - ^V), 
/3 t£ = -*(j8(G£ + i^ L ) - H^+z^H;), 
= z(G,r - G r ) + z/3Fr + aff r " , 



(4.12) 
(4.13) 
(4.14) 
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= zf3F L + aH L + K~ - K z , (4.15) 

= z{G R - Gp) + z(3Fp + aH R , (4.16) 

= zj3F~ + aHp -Gp + G-, (4.17) 

= -Fp + zF- + a(Gp + G~), (4.18) 

Q = z/3{Gp + G-)-zHp + H-, (4.19) 

respectively. In particular, (|2.69p holds in the present independent setting, that is, 

Gp - FpHp = Rp. (4.20) 

As in the stationary context (|3.8|) . (13. 9p we introduce 

(Xj(n,tr) = (fi j {n,tr),(2/c 0t+ )^ J (n,tr) p ^Gp(^ 3 (n,tr),n,tr)) G /C p , 

j = 1, . . . ,p, (n,t L ) G Z x R, 

and 

Pj(n,tr) = (v 3 (n,t L ),-(2/c 0t+ )v ] (n,tr) p -G.p(v j {n,tr),n,tr)) G /C p , 

i = ,P, (Mr) G Z x M, 



(4.21) 



(4.22) 



and note that the regularity assumptions (|4.ip on a, /3 imply continuity of \ij and 
Vk with respect to t r G 1 (away from collisions of these zeros, [ij and v% are of 
course C°°). 

In analogy to ([3~l"4l . (|3~15l) . one defines the following meromorphic function 
0( • , n,tr) on /C p , 

,, D + , ( Co , + /2)z-P-y + Gp(z,n,y 

^ ^ = FpJz^TJ (4 ' 23) 

—H p (z, n, t r ) 

(4.24) 



(c ,+/2)z P-y - Gp(z,n, i L )' 
P = 0, y) G /Cp, (n, tr) G Z x R, 

with divisor (</>( • , n, t r )) of </>( • , n, t r ) given by 

[<t>{ ■ i n : i r)) = Vpo.-E^tr) ~ ' D P x ,_Kn,t r _)- (4.25) 
The time-dependent Baker- Akhiezer vector is then defined in terms of <f> by 

ttfp^r, f * . _ (ipi{P,n,n ,tr,t 0t r)\ ( 
mP,n,n ,t L ,t , L ) - [ M p^ n0itr _ itor) ) , (4-26) 

ipi (P, n, no, U, to,r) = exp I i / ds(G L (z, no, s) - F L (z, no, s)<p(P, n , s)) 

\ Jto.r / 

fn"'= no +i (z + a(n\tr)(f>-(P,n',tr)), n>n + 1, 
1, n = n , (4.27) 

UnL n +i {z + a{n',t r J<p-{P,n',t r jy\ n < n - 1, 

il)2(P,n,n Q ,tr,to, L ) = exp ds(G L (z,n ,s) - Fr(z,no,s)<f)(P,no,s))j 
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'n"'=„ +i (z/3(n\t L )^-(P,n',t L )- 1 + l), n> Tio + l, 
x (j)(P,n Q ,tr) ll, n = n , (4.28) 

jC=n+l \tr)ct>-{P,n',tr)- X + l) ~\ U < U - 1, 

P = (z, y)£)C p \ {Poo + , Poo_ , P ,+, Po,-}, (n, yeZx K. 
One observes that 

V>i(P, n, n , tr, ?r) = ^i(-P, no, n , tr, t L )ipi{P, n, n , tr, tr), 



P = (z,y) e IC P \ {P 00+ ,P 00 _,P , + ,Po,-}, (n,n ,tr,tr) e ^ 2 



(4.29) 



The following lemma records basic properties of 4> and ^ in analogy to the 
stationary case discussed in Lemma T3. II 



Lemma 4.2. Assume Hypothesis 14.11 and suppose that (|4.7|) . (|4.8| /ioZgL In ad- 



dition, let P = (z,y) e JC P \ {Poo+,Poo_}, (n,no,*r,*o,r) S x 
satis/ies 

a<i>(P)<j>- (P) - 4>- (P) + z0(P) = zp, 

JhJP) = iFA 2 {P) - i(Gr(z) + Kr(z))cj)(P) + iH r _{z), 
H p (z) 



0(P)0(P*) = 



F P {z) 



^(P)+^(P*) = 2 



Gp(z) 
F P (z) ' 



<f>(P) - <j>(P*) = Co <+ z 



-„_ y(P) 

F P (zY 



Then 4> 

(4.30) 
(4.31) 

(4.32) 
(4.33) 
(4.34) 



Moreover, assuming P — (z, y) G fC p \ {Pqo + , Poo_ , Pq,+ , Pq,-}i then satisfies 



■02 (P, n, n , U, t ,r) = 4>{P, n, t z )ipi (P, n, n , tr, f ,r), 

l/(z)*-(P) = *(P), 

Vp(z)*"(P) - -(i/2) Co , + z- p -y*-(P), 

^M-P) = V+(z)V(P), 



(4.35) 
(4.36) 
(4.37) 
(4.38) 



F p (z,n,tr) 

V>i(P,n, n ,t r ,t ,rWi(P*,n, n ,t r ,t . r ) = z n n °—= — -T(n,n ,t r ), (4.39) 

~ ~ ~ ~ Fp{z,n ,t ,r) 

H p (z,n,t r ) 

ip2(P,n,no,t r ,t 0tr )i) 2 {P*,n,no,t r ,t 0tr )=z n n °— -= -^-T(n,n ,t r ), (4.40) 

~ ~ ~ ~ Fp{z,n ,t ,r) 

"01 (P, n, n , t r , to,r)^2 (P* , n, n , U, fo,r) + ipi (P* , n, n , t £ , to.r)^ (P, n, n , U, f ,r) 

G p (z, n, tr) 



- 2z n - no — ^ 



-r(n,no,ir), 



Fp(z,n ,t ^) 

ipi (P, n, n , tr , to,r)0>2 (P* , n, n , tr, h,r) - 4>i {P* ,n,n , U, t o ,r)02 (P, n, n , t r , to,r) 

n-no-p- 2/ 



~co,+z 



Fp{z, no, to,; 



-r(n,n ,t r 



(4.41) 

-j to,r) 

(4.42) 
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where 

flln'=no+l7(»'.*r)» n>n + l, 
T(n,n ,tr) = <1, n = n a , (4.43) 

{ir n L n+1 l(n',tr)-\ n<n -l. 
In addition, as long as the zeros fij(no,s) of ( • ) p ~ F p ( ■ , no, s) are all simple and 
distinct from zero for s € Ip,, 1^ C K an open interval, ■ , n, no, t r ,to, r ) is mero- 
morphic on K p \ {P 00+ ,P OC _ , P ,+, Pq,-} for (n, U, t , L ) € Z X 2^. 

Proof. Equations ([430]) . (f432|) - (j^37|l . and (|4739j) - ([4T42]) are proved as in the sta- 
tionary case, see Lemma 13.11 Thus, we turn to the proof of (|4.31j) and (|4.38l) : 
Differentiating the Riccati-type equation (|4. 30[) yields 

= (a<j>^~ - <f)~ + zcj) - z0) 

= ott T 4>4>~ + {a.<f>~~ + z)4>t r + (acf) — 1)0^". — zp tr 

= ({a<f>- +z) + (acj) - l)£-)«k E + i<M>~ (a(G £ + K L ) + zF^_ - F L ) 

+ izf3(G L +K L )+i(zH L -H L ), (AAA) 

using (|4.12p and (|4.13| . Next, one employs (|3.20|) to rewrite 

(acj)- + z) + (acj) - 1)5" = \(z[3 + </>-) + 4=ifi ~ ^ ■ (4.45) 

cp cp 

This allows one to calculate the right-hand side of (|4.31[) using (|4. 14|) and (|4.15|) 

((ouf>- +z) + (a</> - 1)5") (Hr + Frcj) 2 - (Gr + Kr)4>) 

= (a(jT + z)Hr + (a<P - l)H£ + <f>(z/3 + <p-)F L + z<t>- ([3 - 0)F" 

- (zf3 + 4T){Gr + Kr) - z(f3 - 4>)(G- + K~) 

= <jxf>- (Fr - zF L ) + zHr -Hr + <F ("-Hr + Z0~) + (j>(aH£ + z(3Fr) 

- z(3(G L + Kr + G-+K£)- z<t>(G- + K^) — <f>~~ (Gr + K L ) 

= <p<f>-(Fr - zF~) + zH r _ -H~- z/3(G- + Kr) + (z<f> - </T - zf3)(Gr + K~) 
= <p<j>- (F L - zF L ) + zH r _ - H- - z/3(G L + K L ) - ouj><t>- (G L + K L ). (4.46) 
Hence, 

(-(^ + <jr) + ^p(f3 - (>v - iH L - iFrf + i(G L + Kr)(j>) = 0. (4.47) 

Solving the first-order difference equation (|4.47[) then yields 
(ptJyP, n, tr) - iF L (z, n, tr)4>(P, n, trf 

+ i(G r (z, n, t r ) + K r (z, n, t r ))4>(P, n, t r ) — iH r (z, n, t r ) 

f Iln'=i B ( p > n\U_)/A(P, n', U), n > 1, 
= C(P,tr)ll, n = 0, (4.48) 

ln°'=„+i MP, n', tr)/B(P, n',t r _), n < -I 
for some n-independent function C( • ,t r ) meromorphic on IC P , where 

A = <f>- 1 (z(3 + <f>-), B = -z(4>-)- 1 (p-4>). (4.49) 
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The asymptotic behavior of <f>(P, n, U) in (|3.43p then yields (for t L 6 R fixed) 

UlP) -{l-al3){l3-)' 1 z- 1 + 0{z- 2 ). (4.50) 



=+ 



A{P) p^p« 

Since the left-hand side of (I4.48j) is of order 0{z r+ ) as P — > Pqq + , and C is mero- 
morphic, insertion of (|4.50[) into (I4.48|) . taking n > 1 sufficiently large, then yields 
a contradiction unless C = 0. This proves (I4.31|) . 
Proving (|4.38p is equivalent to showing 

i)i,t !L = i{Gr-<t>Fr)'4}i, (4.51) 

ipifar + Hi,u = i(H L - (f>Kr)ipi, (4.52) 

using (|4.35|) . Equation (14.52)) follows directly from (|4.5ip and from (I4.3ip . 

= i(Hr-4>K r )tp 1 . (4.53) 
To prove ()4.5ip we start from 
(z + a<jT)tr = a t r4>~ + OL<j>t T 

= 4>-i{zF£ + a(G L + K£) - F_) + ai(H r T + F L (<P~) 2 - (S" + K£)<t>~) 
= iot(j)~ (G r — G~) + i(z + a<fT)(f)~ F~ — i<f>~ F r + iaH~ 
= i(z + a<t>-)(Gr - <t>Fr - (G~ - <t>~F£)), (4.54) 
where we used (|4. 14[) and (|3 . 20[) to rewrite 

iaH~ - i(j)'Fr_ = iz(G L — G~) — ac/xf)" F L - zcj)Fr. (4.55) 

Abbreviating 

cr(P,n ,tr) =i ds(G L (z,n 0l s) - F L (z,n ,s)(f>(P,no,s)), (4.56) 



one computes for n > tiq + 1, 

( H 
ipi,tr = ( exp(cr) Yl (z + a,4>~){n') 

n'— no + 1 

n n 

= &tr}l>i +exp(o-) ^2 ( z + a ^)tr( n/ ) Yl ( z + a 0~)( n ") 

n'=n + l n" = l 

a , i 
n ^n 

= faUu+i ((G z -Fr<l>)(n')-(Gr-Fr4>)(ri-l)) 

n' — no + 1 

= i(Gr- Fr<f>)ipi. (4.57) 

The case n < n is handled analogously establishing (|4.51[) . 

That 5'( • , n, no, t L , to tL ) is meromorphic on fC p \ {Poo± , Po,±} if F p ( ■ , no, t L ) has 
only simple zeros distinct from zero is a consequence of (|4.27[) . (|4.28p , and of 

-iFr(z,n ,s)<p(P,n ,s) = d s ln (F p {z,n , s)) + O(l), (4.58) 

using (|4~2~T1l . (f4~25l) . and ([459]) . (Equation ([459f in Lemma 1431 follows from (TQTI) . 
(|4.33|) . and ()4.34[) which have already been proven.) □ 
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Next we consider the independence of F p , G p , and H p . 



Lemma 4.3. Assume Hypothesis 14.11 and suppose that (|4.7I) . I|4.8[) hold. In addi- 
tion, let (z, ti,ir)eCxZxM. Then, 

F p . tj . = -2iG p Fr + i(Gr + Kr)F p , (4.59) 

G p ,tr = iF p Hr - iH p Fr, (4.60) 

H p ^ = 2iG p Hr-i{Gr + Kr)H p . (4.61) 
In particular, (|4.59[) — (|4.61|) are equivalent to 

Vpfy. = [Vr, V P ] . (4.62) 
Proof. To prove (|4.59[) one first differentiates equation (14.34|) 

^(P) - «^(P*) = -c^+z-P-yF^Fp^. (4.63) 

The time derivative of </> given in (|4.31|) and (|4.33|> yield 
4>u(P) ~ K{P*) = i{H r _ + F r J>{P) 2 - (Gr +Kr)HP)) 

-l{H,_ + Fr_(t>{P*) 2 - (Gr+ Kr)<j)(P*)) 
= iF L (4>(P) + <t>(P*))(<l>(P) ~ HP*)) 
-i(Gr+Kr)(<f>{P)-<f>(P*)) 

= 2ic ,+z-P- F L yGpFp 2 - ic ,+z- p - (G, + K L )yFp\ (4.64) 

and hence 

F Pi tr = —2iGpFr + i(G L + K L )F p . (4.65) 
Similarly, starting from (|4.33p 

<M F ) + <M P *) = 2F p 2 ( p pGp,u ~ Fp,uGp) (4.66) 

yields (|4ToT)]) and 

= R P ,u = ZGpGp^r — Fp^Hp — FpHp^^ (4.67) 

proves (gini])- □ 

Next we turn to the Dubrovin equations for the time variation of the zeros /ij of 
( • ) p ~ Fp and Vj of ( • ) p ~ _1 iJ p governed by the AL r flow. 

Lemma 4.4. Assume Huvoihesis \A.\\ and suppose that (|4.7p . (14. 8|) hold on Z x I p 
with X p C K an open interval. In addition, assume that the zeros fij, j = 1, . . . ,p, 
of ( • ) p ~ F p ( ■ ) remain distinct and nonzero on ZxI M . Then {jj>j}j=i,..., p , defined in 
(|4.2ip . satisfies the following first-order system of differential equations on *Z x T p , 

p 

Hj,u = - iF r(H)y(l 1 3)( a+ T i n(l i 3-l l kT 1 , j = l,...,p, (4.68) 

fe=l 

A.^OeC 00 ^,^), i = l,... lP) neZ. (4.69) 
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For the zeros Vj, j = 1, . . . ,p, of ( • ) p ~ 1 H P { ■ ), identical statements hold with fij 
and 1^ replaced by i/j and T v , etc. (with X v CI an open interval). In particular, 
{^j}j=i,...,p, defined in (|4.22p . satisfies the first-order system on Z x I Vl 

v 

Vj,tr = iHr{vj)yiy j ){fiv j )- x JJ(z/, 1- Vk) _1 , j = l,...,p, (4.70) 

fe=i 

with 

^(n,-)sr(I„,g, i = l,...,p,nsZ. (4.71) 

Proof. It suffices to consider (|4.68[) for jt/j,t r . Using the product representation for 
F p in (|4.10|) and employing (|4.2ip and (|4.59p . one computes 

\ k=i ) (4.72) 

= -ico t+ fiJ p - y(p, j )Fr(fJ, j ), j = 1, • • . ,p, 

proving (|4.68[) . The case of (|4.70[) for Ujt r is of course analogous using the product 
representation for H p in (|4.10|) and employing (|4.22p and (|4.6ip . □ 

When attempting to solve the Dubrovin systems (|4.68|) and (|4.70p . they must 
be augmented with appropriate divisors 2}/i(no,to r) E Sym p AC p , to lL E 2^, and 
T^v(n ,to r) S Sym p /C p , io,r S ly, as initial conditions. 

Since the stationary trace formulas for ft t ± and ht,± in terms of symmetric 
functions of the zeros /ij and Vk of ( ■ ) p ~ F p and ( • ) p -~ 1 H p in Lemma T3.2I extend 
line by line to the corresponding time-dependent setting, we next record their in- 
dependent analogs without proof. For simplicity we again confine ourselves to the 
simplest cases only. 



Lemma 4.5. Assume Hypothesis 14.11 and suppose that (|4.7p . (|4.8p hold. Then, 

P /2p+l v -1/2 

j=l V m=0 / 
+ P /2p+l \ -1/2 

n m n m ' (4j4) 



/3 



j — 1 7U — 



' a+ c ,+ 



]>> = a +/?- 7 ^--^±. (4.76) 

Next, we turn to the asymptotic expansions of <f> and f in a neighborhood of 
Poo, and P ,±- 



Lemma 4.6. Assume Hupothesis \4:.l\ and suppose that (|4.7p . (|4.8p fcoZd. Moreover, 
let P = (z,y) E K p \ {Poo + ,Poo_,Po,+ ,Po,-}, (n, n , fr, *o,r) € Z 2 x M 2 . Tfcera 
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has the asymptotic behavior 

MP) = J^ + ^ + OlC 2 ), P-P M+ , 

(4.77) 

TTie component ipi of the Baker- Akhiezer vector W has the asymptotic behavior 

1pl(P,n,n ,tr,t0,r) = exp ( ± ~{U - *0,r) X! £ r + -s, + C~ S J (1 + 0(0) 



s=0 



x exp 



(* Ito.r ds (gr + ,+ (n , s) - g r _-(n , s))) . 



P -» Poo_ 



(4.79) 



^i(P,n,no,ir,*o,r) = exp f ± -(^ - t , t ) ^2 Cr_- S ,-C s )( 1 + 0(0) 

\ s=0 ' 

" -M),+ ) 



«("0,*0,r) ' 

T(n,no,tr)C n - no p ^ p C = z- 

x exp (i J^ds(g r+t+ (n , s) - g r _ ,-(n , sj) ), 

(4.80) 

Proof. Since by the definition of <f> in (|4. 23(1 the time parameter t r can be viewed as 
an additional but fixed parameter, the asymptotic behavior of <fi remains the same 
as in Lemma 13.31 Similarly, also the asymptotic behavior of ipi(P,n,nQ,t ri t r ) is 
derived in an identical fashion to that in Lemma [3T31 This proves (I4.79P and (|4.80|) 

for io,r = t r , that is, 

I (P * +\ /C"°-"(l+O(0), P-Poo + , 

lpl{P,n,n ,tr,tr) = < a+(n,t r ) , n( * p p C=V«> 



(4.81) 



a(^) uQ(c)j P-P , + , 



" - ; C-o\r(n, n , i,)C"-"° (1 + 0(0), P-P),-, 

(4.82) 

It remains to investigate 

^l(P,n ,no,ir,to,r) = exp dt(G L (z,n ,t)-F L (z,n Q ,t)(f>(P,n ,t))^ . (4.83) 

The asymptotic expansion of the integrand is derived using Theorem lA.21 Focusing 
on the homogeneous coefficients first, one computes as P — > Poo ± , 

fi G p + (co,+/2)z-p-2/ 



O s ,+ — Fs.+4> — G s .+ — Ps,+ £7 



(2z p - 


Gp 


►0 














V c o,+ 


y 




V c o,+ 


y J 
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G s ,+ — Ps, 

= ±k- s + ^y^i/ s , + + 0(C), P-Poo ± , C = V*. (4-84) 
c_>0 z Jo,+ 

Since 



F l = E 5 ''+^+ i? ^+ + O (0, G r = Y,Cr + -s,+G s ,+ + O(0, (4.85) 

s=0 s=0 

one infers from (|4.77p 

„ 1 r+ 

G t -P^ = -^c r+ _ s , + r s + 0(C), P^Poo + ,C=V^ (4.86) 



s=0 

Insertion of (|4~86"1) into (|4~83"1) then proves ([4779], as P -> P oc+ . 

As P — > Px3„, we need one additional term in the asymptotic expansion of P r , 
that is, we will use 



F L = J2 Cr + -s,+F s ,+ + £ Cr_- a ,-f a -i,-C + 0(( 2 ). (4.87) 

This then yields 

~ i r+ 

G, - P L = -- ^ c, + - s ,+C s - ( a +)- 1 (/ r+ ,+ - / r __i,-) + 0(C). (4.88) 

Invoking (|2.34|) and (14. 2| one concludes that 

/r_-l - - /r+,+ = + a+ (5r+,+ - 5r_ ,-) (4-89) 

and hence 

1 r+ ia + 

Gr-F r( p = -~y2cr + -s,+C S -^+9r + ,+ -~gr_,- + 0(Q. (4.90) 

Insertion of (|4~90f into (|4T83|) then proves (|4~79| as P -> P^ . 

Using Theorem lA.2l again, one obtains in the same manner as P — > Po,±, 

G s ,- ~ P s ,-0 = ^ 9s,- + ^j^fs,- + O(0. (4.91) 

Since 

Pr = V]^_- i> -F, l _ + / r+ _i l+ + O(0, P^Po,±, C = «, (4-92) 

5r = X)cr— » ,-G Si _+3 r+ ,+ + 0(C), P^Po,±, C = *, (4-93) 
QHUhflljP yield 

G r -P r = ±-^5,_ s ,_r s +.9, + ,+ -^-,--^7 2 -(fr + -i,+ -fr-,-)+O(0, 

c ^ u z s=0 JO, 



(4.94) 
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where we again used (|4.78[) . (|2.52p . and (|4.2|) . As P — » Po,-, one thus obtains 



G r - F r <b = 



r - 

Q -2J2cr—s,-C S +9r + ,+ -gr^-, P ^ P ,-, ( = Z. (4.95) 



c - -,=o 



Insertion of P~9"S) into P~55|) then proves gHD]! as P -> P . 

As P — > -Po.+ , one obtains 



— Fr4> = 



1 r ~ 1 
n O y^2r_- S ,-C _S + <7r+,+ - <?r_ (/r+-l,+ ~ /r_,-) + 0(C), 

o 2 * — ' a 

r_ 

i^£ r __ s ,_r s ~ — + 0(0, P^P ,+, C = «, (4-96) 
o 2 ^— ' a 



using f r _ _ = /jr _ x i _ + a(p r _ _ _) (cf. and (|43]) . Insertion of (|4~96j) 

into (|4~83j) then proves (|4.80p as P — ► Po.+- O 



Next, we note that Lemma 13.41 on nonspecial divisors in the stationary context 
extends to the present time-dependent situation without a change. Indeed, since 
tr e R just plays the role of a parameter, the proof of Lemma T3.4I extends line by 
line and is hence omitted. 



Lemma 4.7. Assume Hupothesis \A.l\ and suppose that (|4.7|) . (|4.8| hold. Moreover, 
let (n, tr) £ Z x M. Denote by T>p,, (i — {fix, . . . , /ip} and X>^, v_ — {v\, . . . , z> p }, the 
pole and zero divisors of degree p, respectively, associated with a, (5, and <f> defined 
according to (|4.2ip and (I4.22[) . that is, 

fij{n,tr) = (p J (n,t L ),(2/c a , + )^ j (n,U) p -Gp{v J (n,U),n,t r )), j = l,...,p, 

(4.97) 

Vj(n,tr) = (^(n,tr),-(V c o,+)^i(")*r) p_ Gp(^(n,tr),n,t t )), j = l,...,p. 

(4.98) 

Then T>jxi n ,t r ) an d ^Wn.O are nonspecial for all (n,t r ) G Z x K. 

Finally, we note that 
r(n, n , tr) = T(n, n , t 0>1 ) 

X 6XP V / ds ^ r +' + ( n ' s ) ~ s ) -§r_,-(n,s) + g r _-(n ,s))\ 

(4.99) 

which follows from (|2.91|) . (|3.31[> . and from 

n n 

r(n,n ,tr)u= II 7C?',fr) ( 4 ' 10 °) 

.j=n + l fe=n + l 

= i(g r+ ,+{n,tr) -g r+i+ (n ,tr) -g r _-(n,tr) + g r _ < ^(no,t T ))T(n,no,t r ) 

after integration with respect to t r . 

The results of Sections HH4] have been used extensively in [31] to derive the class 
of time-dependent algebro-geometric solutions of the Ablowitz-Ladik hierarchy and 
the associated theta function representations of a, (3, cj>, and \I/ . These theta func- 
tion representations also show that 7(71, tr) {0, 1} for all (n, tr) £ ZxR, and hence 
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condition (|4.1|) is satisfied for the time-dependent algcbro-geomctric AL solutions 
discussed in this section, provided the associated divisors P/Un.tA and Dpf n t \ stay 
away from Poo ± , Pq.± for all (n, tr) G Z x M. 

Appendix A. Asymptotic Spectral Parameter Expansions and 

Nonlinear Recursion Relations 

In this appendix we consider asymptotic spectral parameter expansions of F p /y, 
Gp/y, and H p /y in a neighborhood of Poo± and Pq,±, the resulting recursion re- 
lations for the homogeneous coefficients fy, g~£, and hg 1 their connection with the 
nonhomogencous coefficients fi, ge, and hi, and the connection between cg y ± and 
ct^EJ^ 1 ). We will employ the notation 

E^ = {E±\...,Ef p \ x ). (A.l) 

We start with the following elementary results (consequences of the binomial 
expansion) assuming 77 £ C such that \r]\ < min{|i?o| _1 , ■ ■ ■ , E^p+i I -1 }: 

/2p+l \ -V2 

\m=0 ) k=0 

where 

c (E) = 1, 

io,...,j2 P + l=0 ^ U0 ' J 

JOH h?2j>+l=fc 

The first few coefficients explicitly read 

, 2p+l 2p+l 2p+l 

go® = 1, = - e E m , = 7 E iW5 ma + s xx> 



2 ^ 4 

m— mi ,m2=0 m— 

mi <rri2 



etc. 



(A.4) 



Similarly, 

/2p+l \ 1 / 2 00 

\m=0 / fc=0 

where 

c (E) = 1, 

Cfc ®7 S o 2-(, o! ) 2 ...( j2p+l!)2 (2 JO -l)...(2 j2p+1 -l)' * e * ^ 

joH hj2 P +i = fc 

The first few coefficients explicitly are given by 

^ 2p+l _^ 2p+l 2p+l 

co(£) = 1, dGE) = -- E £™> c 2® = 7 E E mi E„ l2 ~-Y,EL etc. 



m— mi ,1712=0 m— 

mi <m2 



(A.7) 
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Multiplying (|A.2j) and (|A.5j) and comparing coefficients of r\ k one finds 

k 

c k -t(E)c e {E) = 4,o, k G N . (A.8) 

£=0 

Next, we turn to asymptotic expansions of various quantities in the case of 

the Ablowitz-Ladik hierarchy assuming a, f3 G C z , a(n)(3(n) ^ {0,1}, n G Z. 

Consider a fundamental system of solutions ^±(2, ■ ) = (ipi,±(z, ■ ),4>2.±(z, ■ )) T of 
U(z)^/±(z) = i &±(z) for z G C (or in some subdomain of C), with U given by l|2.5[) . 
such that 

det(*_(z),*+(z)) ^ 0. (A.9) 

Introducing 

± ( Z; „) = ^,±(^,n) z e Cj n e Nj (A10) 
then 0± satisfy the Riccati-type equation 

&4>± ( t ) ± - 0± + z 0± = (A. 11) 

and one introduces in addition, 

f=-^— , (A.12) 

<P+ ~ <P- 

0+ + , 

® = a 1 - ' (A.13) 

0+ - 0- 

Using the Riccati-type equation (|A.11[) and its consequences, 

a{4>+^+ - 4>-4>z) - (<t>+ - 4>z) + z{4>+ - 4>-) = 0, (A.15) 

a(0+<^ + 0_</C) - (0; + 01) + z(0+ + <f>_) = 2z/3, (A.16) 

one derives the identities 

z( fl - - O )+z0j + at)- =0, (A.17) 

z/3f" + at) " + 0" =0, (A.18) 

-f + «r + a(0 + fl~)=O, (A.19) 

«/3(8~+fl)-^ + r=0, (A.20) 

2 -ff) = i- (A.21) 

Moreover, (|A.17[) — (|A.20[> and (|A.21[) also permit one to derive nonlinear difference 
equations for f, g, and I) separately, and one obtains 

((a+ + za) 2 f - z(a+) 2 7 r) 2 - 2za 2 7 +((a+ + za) 2 f + z(a+) 2 7 r)f+ 

+ z 2 a 4 ( 7 +) 2 (f+) 2 = 4(aa + ) 2 (a+ + az) 2 , (A.22) 

(a+ + za)(/3 + z/3+)(z + a+ [3){l + za/?+) 2 

+ z(a + 7 g~ + za 7 + g + )(z,3 + 7 0~ + /3 7 + + ) 

- z 7 ((a+/3 + z 2 a/3+)(2 - 7+) + 2z(l - 7 +)(2 - 7 )) fl - fl 

- z 7 +(2z(l - 7 )(2 - 7 +) + (a+/3 + z 2 a/?+)(2 - 7 )) + 

= (a+{3- z 2 af3+) 2 , (A.23) 
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2 2 ((/3 + ) 2 7fT - /3 2 7 + f) + ) 2 - 2z(J3 + z/3+) 2 ((/3+) 2 7 r + /3 2 7 + f) + )t) 

+ (J3 + z(3+)% 2 = 4z 2 (/?/3+) 2 (/3 + (3+zf. (A.24) 

For the precise connection between f, g, f) and the Green's function of the Lax 
difference expression underlying the AL hierarchy, we refer to [30, App. C], [33 . 

Next, we assume the existence of the following asymptotic expansions of f, g, 
and t) near 1/z — and z = 0. More precisely, near 1/z = we assume that 

oo oc 

K*) , r -Y,k+ z ~ i ~ 1 ^ fl( z ) , ,= 



(A.25) 



£=0 



for z in some cone Cr with apex at z — and some opening angle in (0,27r], 
exterior to a disk centered at z — of sufficiently large radius R > 0, for some set 
of coefficients g^+, and t)e.+ , £ G Nq. Similarly, near z — we assume that 



^ -° -e* <=° (A . 26) 



for z in some cone C r with apex at z — and some opening angle in (0, 2ir], 
interior to a disk centered at z — of sufficiently small radius r > 0, for some set 
of coefficients f^_, and f)£.-, £ G No- Then one can prove the following result. 

Theorem A.l. Assume a,f3 G C z , a(n)(3(n) ^ {0, 1}, n G Z, and i/ie existence of 
the asymptotic expansions (IA.25[) and (|A.26[) . T/ien f, g, and t) have the following 
asymptotic expansions as \z\ — > oo, z G Cr, respectively, \z\ — > 0, z G C r , 

OO CO 
■ I. . — | js: | — s-O"^ 



OC 



(A.27) 



Ls — »oo , — 4 



U — *0 — z — >0 ^ — ' 

z ec r fc0 zee £ =° 

OO 



(A.28) 



zGC r 



e=o 



where fi,±, ge,±? and ht t ± are the homogeneous versions of the coefficients fe,±, 
ge t ±, and hi,± defined in (|2.49j> — (|2.51(> . In particular, fe,±, gi,±, and he. t ± can he 
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computed from the following nonlinear recursion relation^ 
fo,+ = -« + ' A,+ = ( a+ ) 2 P ~ 

/a,+ = -(a+) 3 /3 2 + 7(a+) 2 /3- + 7 +((a + +) 2 /3+ - 7 + + a + ++ + 2a+a++/3), 

& + fe,+ = 7^ ( ( a+ ) 4 E fm,+ft-m-i,+ + " 4 E fm,+ft-m,+ 



a 



m— m— 1 

v 2„,+ f+ 

-m— 3,+J 



2(a+) 2 E / m ,+ ( - 2a«+/,_ m _ 3 , + + (a + ) 2 7/^ ro _ 3>+ + aV# 



m=0 

-2 



E K(7 + ) 2 /+ )+ //- m _ 2)+ + (" + ) 2 7/ m ,+ ((« + ) 2 7/,- m _ 2 



m=0 



-TO— 2,+ J 

2aa+/ m , + (-3aa+/,_ m _ 2 , + + 2( a +) 2 7 f7_ m _ 2 , + + 2aV//_ m _ 2 ,+)) 



2a 2 E /m,+ ( ~ 2aa+//-m-i,+ + (« + ) 2 7/^ ro _ 1>+ + aV//_TO-i,+) J » 

^ > 3, (A.29) 



m=0 



/o,- = a, /l,-=7« -« 2 /3 + , 

/ 2 _ = a 3 (/3+) 2 -7 + a 2 /3++ -7((a-) 2 /3- 7 -a— +2a-a/3+) : 



- / £-4 f-i 

(" + ) 4 /f - = -5 ( a4 E fm-ft-m-4- + (a + ) 4 E fm-fe-n. 



-to— 3, 



m=0 

£-3 

2a 2 E /m,-( - 2aa+/<_ m _ 3> _ + (a + ) 2 jfl_ m _ 3 ,_ + a 2 7 +/, H 

m=0 

E K(7 + ) 2 / ro) -/^-TO- 2 ,- 

TO=0 

+ (« + ) 2 7/™,-((« + ) 2 7/,- m -2,- - 2a 2 7 + / f + _ m _2,-) 
- 2aa + / m ,_(-3aa + /,_ m _ 2 ,_ + 2( a +) 2 7 /7_ m _ 2 + 2a 2 7 +/+_ ro _o_)) 



2(a+) 2 E /m,-( - 2aa+/ e _ m _ 1> _ + (a+) 2 7/^_ m _ 1 ,_ + a 2 7 + /,t ro _ v 

t > 3, (A.30) 



m=0 



.9o,+ = ^, .9i,+ = 

.92.+ = (a+/3) 2 - 7 + a++/3 - 7 a + /3 + , 

{aP + ) 2 9L+ = -({a+) 2 p 2 E 5to,+^-to-4,+ + a 2 {/3+) 2 E 9m, + Si-m+ 

^ m— m — 1 



■^We recall, a sum is interpreted as zero whenever the upper limit in the sum is strictly less 
than its lower limit. 
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£-3 



m=0 



1-2 



+ a+f3 J2 (77 + ffm,+fl/- ro - 3) + + + a0)(l + a + /3+).9£-m-3,+ 

- ( 7 + a + /3+ 7 )57- ro -3,+ + (- 2 + at m -^+)) 
+ Z! ( a+ / 3+ 7 2 5 m ,+57- m - 2 ,+ + a / 3 (7 + ) 2 .9™,+.9/- m - 2 , + 

m=0 

+ + a 2 a+p 2 p+ + a(3(l + a+ /?+) 2 ).g,- m - 2 ,+ 

- 2(a+(l + «/?)/3 + 757- m - 2 ,+ + + « + /3 + )7 + .9t m _ 2 ,+)) 

+ a(3+ (rr + 9m,+9t-m-i,+ + + a{3)(l + a+ + )g e - m -i,+ 

m=0 

-( 7 + a + /3 + 7)57- m -i,+ + (-2 + 7)7 + 5/- ro -i, + ))), ^ > 3, (A.31) 

5o - = ^, .91- = -a/3 + , 

.92,- = (a/? + ) 2 - 7+a/3 ++ - 7a~/3+, 

✓ £-4 £-1 

(a+) 2 /? 2 &,_ = -(a 2 (/3+) 2 ^ ff m ,-5 < _ m _4,- + (a+) 2 /3 2 J] 9m,-9e-m,- 

^ m— m— 1 

£-3 

+ ^ + S (77 + 5m,-5/_ m _ 3l - + .9m,-((l + a/?)(l + a + /3+)^_ m _ 3 ,- 

m=0 

- (7 + a+/3+ 7 ).97- m -3,- + (- 2 + 7)7 + 5/_ m _ 3 ,-)) 

£-2 

+ (a + /5 + 7 2 5r7 l ,-57-„ l -2,- + "/ 3 (7 + ) 2 5m,-5£ + - m _2,- 

+ ff m ,_((a+/3+ + a 2 a+p 2 p+ + a0(l + a+ (3+) 2 )g e . m ^ 

- 2(a+(l + afipwj- m-2,- + + a + /? + )7 + ^ + - m - 2 ,-))) 

£-1 

+ a+/3 ^ (77 + 5™,-5/_ m _i,_ + &»,-((! + a/3)(l + a+/3+)&_ m _i,_ 

- ( 7 + a + /3 + 7)57- m -i,_ + (-2 + 7h + $tm-i,-))) , ^ > 3, (A.32) 

&2,+ = (a + ) 2 (3 3 - 7 + a ++/3 2 - 7 (a(/3-) 2 - 7"/3~ + 2a+/T/?), 

^ £-4 £-1 

/3(/3+) 4 ^+ = -- (/3 4 ^ h m!+ h e - m -4,+ + hm,+h t - m ,+ 



v m— m— 1 

£-3 



m=0 

+ ]T (/3 4 (7 + ) 2 ^, + ^ + _ m _ 2 , + 



m=0 
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+ (/3 + ) 2 7^,+((/3 + ) 2 7V- m _ 2 . + - W 2 l + h+_ m -2, + ) 

- 2pp + h mt+ (-3pf3 + h e - m -2,+ + HP + ) 2 lK_ m _ 2 + + 2/?V^t m _ 2 ,+)) 

e-i . 

- 2(/?+) 2 ^ h m<+ (- 2/3/3+^-™-!,+ + (/3 + ) 2 7V- m -i,+ + > 

m=0 ' 

£ > 3, (A.33) 

ft ,_ = -/?+, hi,- --7 + /? ++ + a(/? + ) 2 , 

, £-4 l-l 

P + /3%,- = hm,-ht- m -4,- + P A ]T h m ,-he-m,- 

^ m— m— 1 

£-3 

- 2(/?+) 2 ^ h m ,_( - 2/3/?+^_ m _ 3 ,_ + ^ + ) 2 7^--m-3,- + /*V ^trn-3,-) 

m=0 

+ £ (/3 4 (7 + ) 2 ^,At m - 2 ,- 

m=0 

+ (/3 + ) 2 7^ m ,-((/3 + ) 2 7V- m - 2 ,- - 2/3 2 7 + ^ + _™-2,J 

- 2P0+h m ,-(-3pp+ ht-m-2,- + 2(P + ) 2 lhc_ m _ 2 _ + 2f3 2 1 +h+_ m _ 2 _)) 

l-l . 

- 2/3 2 £ /* ro ,_( - 2#8+^_ m _i,_ + (/? + ) 2 7^--m-i,- + ^7 + ^-m-i,-) ) . 

£ > 3. (A.34) 

Proof. We first consider the expansions (|A.27p near 1/z = and the nonlinear 
recursion relations (|A.29[) . (|A.31|1 . and (|A.33|) in detail. Inserting expansion (|A.25|) 
for f into (fA~22ll . the expansion (|A~25|) for g into ([A~23|) . and the expansion (|A.25j) 
for t) into (|A.24p . then yields the nonlinear recursion relations (|A.29I) . (|A.3ip . and 
(IA.33[) . but with ji t +, ge,+, and ht t + replaced by f^_|_, 0^+, and t)e t +, respectively. 
From the leading asymptotic behavior one finds that fo.+ = — a + , go,+ = 5, an d 

k+ = 0. 

Next, inserting the expansions fQjjl for f, g, and t) into (jA~T7| - ((A~20| . and 
coparing powers of z~ e as \z\ — > oo, z 6 Cr, one infers that f^+, 0^.+, and [)^ + 
satisfy the linear recursion relations (|2.32[) - (|2.35[) . Here we have used (|2 . 2 1 [) . The 
coefficients fo,+, 0o,+, and f)o,+ are consistent with (I2.32p for c , + = 1. Hence one 
concludes that 

f*,+ = /e,+! Se,+ = 9i,+, t)t,+ = he,+, ^N , (A.35) 

for certain values of the summation constants cg. + . To conclude that actually 
U,+ = fe.+ , 9e,+ = 9t,+, ht,+ = he t+ , £ € No, and hence all <£N, vanish, 
we now rely on the notion of degree as introduced in Remark 12.61 To this end we 
recall that 



deg (//,+) =1+1, deg (&,+) = t, deg (h t ,+) =£, £ € N , (A.36) 
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(cf. (|2.55[) ). Similarly, the nonlinear recursion relations (|A.29j) . (jA.3L|) . and (IA.33|) 
yield inductively that 

deg(fo+) =£+l, deg(fo >+ )=e, deg(t Ui+ )=e, £eE a . (A.37) 

Hence one concludes 

U,+ = fe,+, Qe,+ = 9t,+, hi,+ = ht,+, (A.38) 

The proof of the corresponding asymptotic expansion (|A.28j) and the nonlinear 
recursion relations (|A.30[) . (|A.32|) . and (|A.34[) follows precisely the same strategy 
and is hence omitted. □ 

Given this general result on asymptotic expansions, we now specialize to the 
algebro-geometric case at hand. We recall our conventions y(P) = T((~ p ~ 1 + 
0{(- p )) for P near P x± (where (=l/z) and y(P) = ±((c ,_/cq !+ ) + (9(C)) for P 
near Pq,± (where £ = z). 

Theorem A. 2. Assume (|3.ip . s-AL p (a,/3) = 0, and suppose P = (z,y) 6 K, p \ 
{P 00+ ,P 00 _}. Then z p ~ F p /y, z p ~G p /y, and z p ~ H p /y have the following convergent 
expansions as P — > Poo±, respectively, P — » Pq,±, 

E> /■ — 1 /-V 

(A.39) 
(A.40) 
(A.41) 

where C = 1/z (resp., C, — z) is the local coordinate near Poo ± (resp., Pq,±) and 

ft,±> 9l,±> & n d h>l,± ar e the homogeneous version^ of the coefficients fi t ±, ge,±, 
and hg t ± as introduced in (12.49|) - (|2.51|) . Moreover, one infers for the E m -dependent 
summation constants Ce t ±, I = 0, . . . ,p±, in F p , G p , and H p that 

ct,±=c ,±c e (E ±1 ), £ = 0,..., P± . (A.42) 

In addition, one has the following relations between the homogeneous and nonho- 
mogeneous recursion coefficients: 



z p ~ F p _{z) _ | 




, p 


—> p 




C = iM 


co,+ y 1 


[±EZoh-C e , 


p 


-» Po,±, 




C = *. 


zP~ G p _(z) _ j 


\TE,Zo9i,+( e , 


p -> 


p 


c 


= l/z, 


co,+ y [ 




p -> 


Po,±, 


c 


= z, 


z p - H p _(z) _ j 


1 TEfco h L+ C l , 


p 


— > P 




( = l/z 


co,+ y \ 


[±Y,Z=ohL-C t+1 


, p 






t = z, 



fi,±=c , ± Y J c i-k(E ±1 )f K± , £ = 0,..., P± , (A.43) 

e 

9l,±=CQ,±Y J Ct-k{E ±1 )g k ,±, t = 0,...,p±, (A.44) 



k=0 

I 



hi,±=c ,±Y, c e-k(E ±1 )h k ^, i = 0,...,p ± . (A.45) 



fc=0 



^Strictly speaking, the coefficients fi t ±, ge,±, and h£ ± in HA.39I I— JA.41 1 no longer have a well- 
defined degree and hence represent a slight abuse of notation since we assumed that s-AL p (a, /3) = 
0. At any rate, they are explicitly given by (I A.49I ) — (I A. 51 1 . 
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Furthermore, one has 

e 

co,±A± = ^ci-k(E ±:L )/fc,±, 1= Q,...,p± - 1, 
P±-l 

Co,±/p±,± = X! ^>±-k(^ ±1 )/fe,± +Co(^ ±1 )/p T -l,=F' 
fe=0 



0, • . . ,p± - 1, 



fe=0 

p±-i 



c o,±5p±,± 



E c P ±-*(^ ±1 )Sfc,±+2o(^ ±1 )fe ! :,T, 



fc=0 



co,±^,± = y^Q-fe (E^hk^, £ = 0,...,p±-l, 



k=0 
P±-l 



C0,±^p±,± 



fc=0 



For general i (not restricted to i < p±) one ha^ 



C 0,±fi,z 



Efcto ci-kiEt' 1 ) fk,± 
-»P T -1 

-<fc=(p-£)V0 



Efc= VO C£+fc-p(F ± )/fe,q=, 



Efc=o c£-fe(^ ±:L )5fc,±, 
Efclo * ce-k(M. ±x )gk,± 



t = 0,...,p±-l, 

£>p±, 

t = 0,...,p± - 8±, 

e>p±-s ± + i, 
e = o,..., P ±-i, 

£> P± . 



Here we used the convention 



6+ = 



0, 



Proof. Identifying 

•) with #(P, - ,0) and V_(z, •) with #(P*, - ,0), 



(A.46) 



(A.47) 



(A.48) 



(A.49) 



(A.50) 



(A.51) 



(A.52) 



(A.53) 



recalling that W{V{P, - ,0),*(P*, - ,Q)) = -c 0!+ z"~ ,l °-P-yFp(z, O)"^^, n ) (cf. 
(|3.30p ). and similarly, identifying 



•) with 0(P, ■) and 0_(z, ■) with <j>(P* , •), 



(A.54) 



V n = max{m, ra}. 
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a comparison of (|A.10|) - (lA.14j) and the results of Lemmas 13-11 and HOI shows that 
we may also identify 

f with =p — , q with =F — — , and f) with =p — — , (A. 55) 

co, +2 p ~2/ c , + z p -y c ,+z p -y 

the sign depending on whether P tends to Poo ± or to Pq,±. In particular, (|A.17() 
(|A~24|) then correspond to (p30]) - ip35|) ■ $£7ty - $T7ty . respectively. Since 

z p ~ Fp/y, z p ~G p /y, and z p ~ H p /y clearly have asymptotic (in fact, even convergent) 
expansions as \z\ — > oo and as \z\ — > 0, the results of Theorem I A . 1 1 apply. Thus, as 
P — * Poo±, one obtains the following expansions using (|A.2|) and (|2.18l) - (|2.20[) : 

£^ c=0 ^ (J>«x*) ( | we- + g , 

OO 

= (A.56) 

oo 

c = tE-^+^ (A.57) 

£=0 

u,-t- y * u,-t- \ fc=Q / \ i=1 / 

oo 

tX>,+C*. (A.58) 



z p - G p (z) 



£=0 



This implies (jA39| - (TA~4Tl) as P -> P QO± . 

Similarly, as P ^ P ,±, (jXT2|) and (j2~Tg)) - (j2~2T)j) . and (|2~T3j) imply 



co,+ 2/ C-o c - 



fc=0 

p- p+-i 

X 



f=l £=0 ' 



z p - Gp(z) 



±J^h,-C e , (A.59) 



oo 

C = ±E^-^ ( A - 6 °) 



£=0 
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--1 P+ 



v-i-*,-c p+ 



e=o 



c = ± E^-^ +1 - (A.61) 

1=0 

Thus, {09| - fOI]) hold as P -> P ,±. 

Next, comparing powers of £ in the second and third term of (|A.56[) . formula 

(|A.46[) follows (and hence (|A.49|) as well). Formulas (|A.47|) and (|A.48|) follow by 

using (|A.57[) and (|A.58|) . respectively. 

To prove 1)A.43|) one uses (|A.8|I and finds 

l l m 

co,± c l-rn{E ±x )f m ,± = c f _ m (P)^c m _ fe (P ±1 )A, ± = / <>± . (A.62) 

m=0 m=0 fc=0 

The proofs of (|A.44|) and (|A.45[) and those of (|A.50[) and (|A.51|) are analogous. □ 

Finally, we also mention the following system of recursion relations for the ho- 
mogeneous coefficients ft t ±, gi,±, and he t ±. 

Lemma A. 3. The homogeneous coefficiens ft ±, gi±, and fi£ t ± are uniquely defined 
by the following recursion relations: 

9o,+ = \, fo,+ = -" + , = 0, 



(A.63) 



(A.64) 



9i+i,+ - X/ ft-k,+hk,+ ~ X/ 9i+t-k,+9k,+, 

k=0 fe=l 

fr+i,+ = k+ - a (m+i,+ + ffi+i,+)> 

= K,+ + P(9l+l,+ + 9f+i,+)> 



9o- = ^) fo- = a, h - = 
i i 
9i+i,- = / J fi-k,-hk,- -^2gi+i-k,-9k,-i 

k=0 fc=l 

V+i,- = fy,- - Pim+i- +gf + i-)- 

Proof. One verifies that the coefficients defined via these recursion relations sat- 
isfy (|2.32p - (|2.35p (respectively, Ij2.36p - (j2.39j) ). Since they are homogeneous of the 
required degree this completes the proof. □ 
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